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Plan de la présentation

o Phénomènes non linéaires indésirables
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Phénomènes non linéaires indésirables
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Fréquence de résonance dépendante de l’amplitude

Pour une amplitude d’excitation suffisamment grande, coexistence de plusieurs solutions 

stables/instables pour une même fréquence d’excitation. Phénomène d’hystérésis.

Possibilité de saut d’une solution stable vers une autre
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Phénomènes non linéaires indésirables
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Phénomènes non linéaires indésirables

F = 0.5 F = 6.5
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De l’utilité d’étudier les bifurcations

Rotor de Jeffcott avec contact rotor-stator

rotor : 

ω e

k

k

h

x

y

z

m

c

0

1

2

3

4

5

6

7

0 0.2 0.4 0.6 0.8 1 1.2

pa
s 
de

co
nt

ac
t

A
m

p
li
tu

d
e
 /

 j
e
u

Fréquence d'excitation ω/ω0

Périodique stable
Périodique instable

LP

µ=0.05

contact 
annulaire

co
m

pl
et

pas de contact

Précession directe

Jeu
rotor-stator

Orbite 
du rotor

Sens de
rotation

du rotor

Rotor

! =1kg " =100N/m

"!=2500N/mcontact : ℎ =0.105m

$ = coeff. frottement

%"#$!=20ℎ

balourd : & =0.1m

Pas de contact
Contact annulaire 

complet



S. Baguet, INSA Lyon / LaMCoS GDR EX-MODELI – 16-17 Octobre 2025, Lille 10

De l’utilité d’étudier les bifurcations

Rotor de Jeffcott avec contact rotor-stator

rotor : 

ω e

k

k

h

x

y

z

m

c

Précession directe

Jeu
rotor-stator

Orbite 
du rotor

Sens de
rotation

du rotor

Rotor

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.2 0.4 0.6 0.8 1 1.2

A
m

p
li
tu

d
e
 /

 j
e
u

Fréquence d'excitation ω/ω0

Périodique stable
Périodique instable

LP
NS

0
.1

5
4

0
.8

4
7

0
.8

5
4

0
.9

6
3

µ=0.11

pa
s 
de

co
nt

ac
t

contact 
annulaire

co
m

pl
et

pas de contact

contact
partiel

! =1kg " =100N/m

"!=2500N/mcontact : ℎ =0.105m

$ = coeff. frottement

%"#$!=20ℎ

balourd : & =0.1m

Pas de contact
Contact annulaire 

complet

Contact partiel 

(rebonds)



S. Baguet, INSA Lyon / LaMCoS GDR EX-MODELI – 16-17 Octobre 2025, Lille 11

De l’utilité d’étudier les bifurcations

Rotor de Jeffcott avec contact rotor-stator
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De l’utilité d’étudier les bifurcations

Rotor de Jeffcott avec contact rotor-stator
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De l’utilité d’étudier les bifurcations

Rotor de Jeffcott avec contact rotor-stator
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o cartographie des zones de stabilité

o cartographie des changements de 

régime dynamique du système

o optimisation lors de la phase de 

conception

En un seul calcul : 
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Outils numériques pour l’analyse de bifurcations

Calcul des courbes de réponse non linéaires

Méthode de l’équilibrage harmonique (HBM)

+ continuation par longueur d’arc
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Méthode de l’équilibrage harmonique (HBM)

! t = $! +&
"#$

%

$&' cos kωt + $(' sin kωt

vecteur des coeff. de Fourier de taille ' = )	×(2. + 1)$ = $!), $&$), $($), … , $&*), $(*)
)

développement en série de Fourier à . harmoniques

Continuation des solutions périodiques

Equilibre dynamique non linéaire

0(!,ω,t)=3	!̈(t)+6	!̇(t)	+8	!(t)	+	9+,(!,	!̇)	−;(ω,t)=<
: vecteur déplacement  de taille ) ddl!(t)

Système différentiel non linéaire 

de taille ) ddl

: vecteur des efforts non linéaires de taille ) ddl9+,(!,	!̇,	!̈)
: vecteur des efforts extérieurs  de taille ) ddl;(ω,t)

Calcul des efforts non linéaires $ 	 ../!"	 !(t),	!̇(t)	 9+,(!,	!̇)
	 ../	 =+,($)

fréquentiel temporel fréquentiel

G. Von Groll and D. J. Ewins. The harmonic balance method with arc-length continuation in rotor/stator contact problems. 

J. Sound Vib., 241(2), 223–233, 2001. doi: 10.1006/jsvi.2000.3298.

Equilibre dynamique dans le domaine fréquentiel

>($,ω)	=	?(ω)	$	+	=+,($)+@	=	<0 Système algébrique non linéaire 

de taille ' = )	×(2. + 1)

Solution périodique = point d’équilibre? ω = ω1∇1 ⊗3+ω∇⊗ 6 + C1*2$ ⊗8

http://doi.org/10.1006/jsvi.2000.3298
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Continuation des solutions périodiques

Courbe de réponse en fréquence

o Continuation par pseudo-longueur d’arc avec 2 variable

o Longueur de pas adaptative

Equilibre dynamique dans le domaine fréquentiel

>($,ω)	=	?(ω)	$	+	=+,($)+@	=	<0 taille ' = )	×(2. + 1)

Continuation par pseudo-longueur d’arc
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Continuation des solutions périodiques

Courbe de réponse en fréquence

o Continuation par pseudo-longueur d’arc avec 2 variable

o Longueur de pas adaptative

Equilibre dynamique dans le domaine fréquentiel

>($,ω)	=	?(ω)	$	+	=+,($)+@	=	<0

• on part d’une solution connue X!,	ω!

taille ' = )	×(2. + 1)

Continuation par pseudo-longueur d’arc X

X!, ω!

ω

pas

tangent

prédicteur

X$, ω$

F⃗

ΔH

• pas prédicteur de longueur fixée Δ4 selon la 

direction tangente 6⃗

• On résout simultanément l’équilibre dynamique 

+ équation de longueur d’arc

I(J)	= >($,ω)
longueur d’arc

=<02$ taille '+1

corrections

X", ω"

• corrections selon la direction  orthogonale à 6⃗
(itérations Newton-Raphson)

X!, ω!

F⃗
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Stabilité des solutions périodiques

Théorie de Floquet

Une solution périodique est stable si de petites perturbations ne modifient pas significativement sa 

périodicité, i.e. si elle reste proche de sa forme initiale malgré les perturbations.

Equilibre dynamique

>($,ω)	=	?(ω)	$	+	=+,($)+@	=	<

Solution périodique 7% + perturbation δ7%

taille ' = )	×(2. + 1)

solution
périodique

δz(T)

δz0
z0

z(T,z0)

z(T,z0+δz0)solution périodique
perturbée

x(t)

x(t)
.

Evolution dans l’espace des phases d’une solution 

périodique perturbée

L t = ! t
!̇ t

0(!,ω,t)=3	!̈(t)+6	!̇(t)	+8	!(t)	+	9+,(!,	!̇)	−;(ω,t)=<

domaine fréquentiel

taille ) domaine temporel

Domaine temporel

δ7 T = :	δ7%

Monodromie = mesure de la variation d’une 

solution périodique sur une période T. 

Représentée par une matrice de monodromie :

taille 2)

valeurs propres de : = multiplicateurs de Floquet $&
)	paires de v.p. complexes conjuguées

Solution stable ssi $& <1 ∀	< = 1…2)

On regarde l ’évolution de la perturbation au cours 

du temps
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Stabilité des solutions périodiques

Théorie de Floquet

Une solution périodique est stable si de petites perturbations ne modifient pas significativement sa 

périodicité, i.e. si elle reste proche de sa forme initiale malgré les perturbations.

Equilibre dynamique

>($,ω)	=	?(ω)	$	+	=+,($)+@	=	<

Solution périodique 7% + perturbation δ7%

taille ' = )	×(2. + 1)

0(!,ω,t)=3	!̈(t)+6	!̇(t)	+8	!(t)	+	9+,(!,	!̇)	−;(ω,t)=<

domaine fréquentiel

taille ) domaine temporel

Domaine fréquentiel (HBM)

Méthode de Hill

Système aux valeurs propres quadratique

taille L

On regarde l ’évolution de la perturbation au cours 

du temps

(>3+Λ	N$+Λ1	N1)	O	=	<
>3	matrice jacobienne

N$ = 2ω∇⊗3+ C1*2$ ⊗6
N1 = C1*2$ ⊗3
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Stabilité des solutions périodiques

Théorie de Floquet
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>($,ω)	=	?(ω)	$	+	=+,($)+@	=	<

Solution périodique 7% + perturbation δ7%

taille ' = )	×(2. + 1)

0(!,ω,t)=3	!̈(t)+6	!̇(t)	+8	!(t)	+	9+,(!,	!̇)	−;(ω,t)=<

domaine fréquentiel

taille ) domaine temporel

Domaine fréquentiel (HBM)

Méthode de Hill

Système aux valeurs propres quadratique

taille '

Solution stable ssi   Re(?&	)<0 ∀	< = 1…2)

On regarde l ’évolution de la perturbation au cours 

du temps

(>3+Λ	N$+Λ1	N1)	O	=	<
2' valeurs propres Λ'	tq Λ' = ?& +A	ℎω quand .⟶∞

⇒ exposants de Floquet ?& 

On retient les 2) Λ'	avec la plus petite partie imaginaire

Re(Λk)

+ω/2

ω

ω

ω

ω

ω

ω

-ω/2

Im(Λk)
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Plan de la présentation
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Détection des bifurcations
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Scénarios de perte de stabilité avec les exposants de Floquet
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Détection des bifurcations

Dans la pratique, à chaque fin de pas de continuation :
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• Si G#($)
# − G#($)

#*+  = 0  :  pas de bifurcation

• Si G#($)
# − G#($)

#*+  = 1  :

Point limite (LP) si changement de

                     direction du vecteur tangent

Point de branchement (BP) sinon

• Si G#($)
# − G#($)
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-
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Calcul des bifurcations par système augmenté

Equilibre dynamique >($,ω)	=	?(ω)	$	+	=+,($)+@	=<0 taille W = X	×(2Z + 1)
Exposants de Floquet taille W(>3+Λ	N$+Λ1	N1)	O	=<0

UnstableStable

Im(λi)

Re(λi)

+ω/2

-ω/2

Λ = 0

Im(λi)

Re(λi)

Stable Unstable
+κ

-κ

-ω/2

+ω/2

Λ = ±V	S

Neimark-Sacker (NS) et Doublement de période (PD)

Λ = ±V	S  valeur propre complexe conjuguée

I(J)	=

>($,ω)
>3O6−SN$O7−S1N1O6

>3O7+SN$O6−S1N1O7

\/O6

O6
/O6 − ]

=<8021

courbe de réponse

caractérisation des NS et PD

normalisation de O6et O7

taille 3W+2J=($,O6, O7, S, ω)

Point limite (LP) et Point de branchement (BP)

Λ = 0  valeur propre nulle

I(J)	=
>($,ω)
>3O

O/O− ]
=<102$

courbe de réponse

caractérisation des LP et BP

normalisation de O 

Restriction de la courbe de réponse 
aux LP ou BP

taille 2W+1J=($,O,ω)

L. Xie, S. Baguet, B. Prabel, and R. Dufour. Bifurcation tracking by Harmonic Balance Method for performance tuning of nonlinear 

dynamical systems. MSSP, 88, 445–461, 2017. doi: 10.1016/j.ymssp.2016.09.037.

http://doi.org/10.1016/j.ymssp.2016.09.037
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Suivi numérique des bifurcations

Equilibre dynamique >($,ω)	=	?(ω)	$	+	=+,($)+@	=<0 taille W = X	×(2Z + 1)
Exposants de Floquet taille W(>3+Λ	N$+Λ1	N1)	O	=<0

L. Xie, S. Baguet, B. Prabel, and R. Dufour. Bifurcation tracking by Harmonic Balance Method for performance tuning of nonlinear 

dynamical systems. MSSP, 88, 445–461, 2017. doi: 10.1016/j.ymssp.2016.09.037.

Neimark-Sacker (NS) et Doublement de période (PD)

Λ = ±V	S  valeur propre complexe conjuguée

I(J)	=

>($,ω)
>3O6−SN$O7−S1N1O6

>3O7+SN$O6−S1N1O7

\/O6

O6
/O6 − ]

=<8021

courbe de réponse

caractérisation des NS et PD

normalisation de O6et O7

taille 3W+2J=($,O6, O7, S, ω)

Point limite (LP) et Point de branchement (BP)

Λ = 0  valeur propre nulle

courbe de réponse

caractérisation des LP et BP

normalisation de O 

Restriction de la courbe de réponse 
aux LP ou BP

taille 2W+1J=($,O,ω)

I(J)	=
>($,ω)
>3O

O/O− ]
=<102$

_(J,α)	= I(J)
longueur d’arc

=<

Continuation des bifurcations 

par rapport au paramètre α
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http://doi.org/10.1016/j.ymssp.2016.09.037
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Suivi numérique des bifurcations

Rotor de Jeffcott avec contact rotor-stator
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Bifurcations de codimension 1 et 2

Neimark-Sacker (NS)

Doublement de période (PD)
Point limite (LP)

Point de branchement (BP)

Solution périodique

Courbe de réponse

Suivi de bifurcations Bifurcations sur les branches de bifurcations ?

Niveau de continuation

0

1

2

164 W. GOVAERTS, YU. A. KUZNETSOV, AND B. SIJNAVE 

Branching 

Point 

Equilibrium 

Hopf 

Cusp BT Zero Double Generalized 

Lyúú= Hopf 

Swallow Triple Double Triple Hopf + Zero + Resonant 

tail Equilibrium Equilibrium Zero BT DH DH 

FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

W. Govaerts, Y. A. Kuznetsov, and B. Sijnave. Continuation of codimension-2 equilibrium bifurcations in Content.

In Numerical Methods for Bifurcation Problems and Large-Scale Dynamical Systems, Springer, 2000. doi: 10.1007/978-1-4612-1208-9_7

codimension

https://doi.org/10.1007/978-1-4612-1208-9_7
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Bifurcations de codimension 1 et 2
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

N. Neirynck. Advances in numerical bifurcation software : MatCont. PhD thesis, Ghent University, Belgium, 2019. 

URL http://hdl.handle.net/1854/LU-8615817.

Oscillateur catalytique

Courbes de réponses M − N2 pour plusieurs valeurs 

du paramètre K 

http://hdl.handle.net/1854/LU-8615817
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Bifurcations de codimension 1 et 2

Pas de bifurcation
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Courbes de réponses M − N2 pour plusieurs valeurs 

du paramètre K + bifurcations 

K=0.15

K=0.4

K=2

2 bifurcations LP (extremums selon Q2) 

+ 2 bifurcations Hopf
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Bifurcations de codimension 1 et 2
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 
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3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Courbes de réponses M − N2 pour plusieurs valeurs 

du paramètre K + suivi des LP 
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Bifurcations de codimension 1 et 2

Cusp (CP) Un exposant de Floquet Λ = 0  (LP) + >33 singulier

Point limite sur la branche de LP.

Marque l’apparition/disparition des LP, i.e. d’une zone à solutions multiples.
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codim 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

Oscillateur catalytique

Bifurcations sur la branche de suivi des LP
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Oscillateur catalytique

Courbes de réponses M − N2 pour plusieurs valeurs 
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Deux exposants de Floquet Λ$ = Λ1 = 0 (mais multiplicité géométrique 1).

Une branche de Hopf émane d’une bifurcation BT qui ∈ branche de LP. 

Les Hopf deviennent des neutral saddle en traversant les BT. 

Hopf + neutral saddle = boucle fermée
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Transition entre les bifurcations de Hopf sous-critiques et sur-critiques. 



S. Baguet, INSA Lyon / LaMCoS GDR EX-MODELI – 16-17 Octobre 2025, Lille 40

Plan de la présentation

o Phénomènes non linéaires indésirables

o De l’utilité d’étudier les bifurcations

o Outils numériques pour l’analyse de bifurcations

• Continuation des solutions périodiques

• Stabilité des solutions périodiques

• Calcul et suivi des bifurcations 

o Bifurcations de codimension 1 et 2

o Applications

• Absorbeur de vibrations non linéaire accordé (NLTVA)

• Système KOALA avec jeux et impacts
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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Absorbeur de vibrations non linéaire accordé (NLTVA)
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 

soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

apparition LP / zone à solutions multiples sur le 2ème pic

Suivi de points limites

Projection dans le plan a! − b  des branches de LP

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 

soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

apparition LP / zone à solutions multiples sur le 1er pic

Suivi de points limites

Projection dans le plan a! − b  des branches de LP

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 

soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

apparition LP / zone à solutions multiples sur l’isola

Suivi de points limites

Projection dans le plan a! − b  des branches de LP

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 

soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 

o 

2 

3 

objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

Suivi de points limites

Projection dans le plan a! − b  des branches de LP

apparition 
isolas

fusion isolas

Les points limites sur les branches de LP sont soit des points de formation/disparition d’isolas, 

soit des bifurcations de co-dimension 2 de type Cusp (CP).
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 

Projection dans le plan a! − b  des branches de LP
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FIG. 1. Interactions between objects of codimension 0, 1, 2, 3. 

codim 
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objects (limit point and Hopf) as well as some codimension-3 objects (triple 

zero eigenvalue, resonant double Hopf, etc.). For an overview of the possible 

interactions, we refer to figure 1. There are several ways to compute and 

continue a given object. We call these computational schemes. To store 

a computed representative of any given object, CONTENT uses bifurcation 

data, namely, the equilibrium coordinates and critical parameter values 

(Le., the values u,a from (1.1)) and certain other data that depend on 

the object but not on the computational scheme. This allows to compute 

an object using one computational scheme and switch to another scheme 

whenever necessary. 

The kernel of CONTENT describes how objects are read from file, con-

tinued, detected and written to file. The user chooses the computational 

scheme and many details of the computation by using specially designed 

windows. The same continuation code is used in all computational schemes. 

The variables of the continuation in a particular computational scheme 

are called the continuation data. They always include the equilibrium 

coordinates but not necessarily the other bifurcation data of the object. 

On the other hand, the continuation data may include variables not in the 

bifurcation data of the object. Apart from this, a computational scheme 

often uses variables which are not part of the continuation data but have to 

be initialized at the starting point and updated along the computed curve. 

These we call auxiliary data. 

Suppose that a computational scheme C (Ob) has to be written for the 

object Ob. Logically, the first task is to write Starters for C(Ob). One 

needs as many Starters as source objects, i.e., objects from which Ob can 

be continued. This includes Ob itself but typically there are more. For 

example, a Hopf curve may start from a Hopf point (Hopf is an object) but 

also from a BT-point (a different object) or from a ZH-point (still another 
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Plan de la présentation

o Phénomènes non linéaires indésirables

o De l’utilité d’étudier les bifurcations

o Outils numériques pour l’analyse de bifurcations

• Continuation des solutions périodiques

• Stabilité des solutions périodiques

• Calcul et suivi des bifurcations 

o Bifurcations de codimension 1 et 2

o Applications

• Absorbeur de vibrations non linéaire accordé (NLTVA)

• Système KOALA avec jeux et impacts
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Système KOALA avec jeux et impacts
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Système KOALA avec jeux et impacts
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R. Alcorta, S. Baguet, B. Prabel, P. Piteau, and G. Jacquet-Richardet. 

Period doubling bifurcation analysis and isolated sub-harmonic resonances in an oscillator with asymmetric clearances.

Nonlinear Dynamics, 98(4), 2019. doi: 10.1007/s11071-019-05245-6

https://doi.org/10.1007/s11071-019-05245-6
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Système KOALA avec jeux et impacts
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Courbes de réponse pour ̅i = j1/j$ variable

Système KOALA avec jeux et impacts

m

j1

k

butée

butée

αc

Kc

Kc

x
j2

p(t)

Modèle à 1 ddl

0

0.8

0.6

0.5

0.4 3.5

3
0.2

1

2.5

0 2

1.5

1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

6

7

8

9

M
ax

. A
m

p
li

tu
d

e

Stable
Unstable
LP
PD

/ 0̅ȷ = 0 
totalement asymétrique

̅ȷ = 1 
symétrique

Quel niveau d’asymétrie ̅[ = <-/<+	pour voir apparaître les doublements de période ?



S. Baguet, INSA Lyon / LaMCoS GDR EX-MODELI – 16-17 Octobre 2025, Lille 64

2 2.2 2.4 2.6 2.8 3 3.2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

II

I

Projection dans le plan ̅ȷ − b  des branches de PD et de LP

Système KOALA avec jeux et impacts

m

j1

k

butée

butée

αc

Kc

Kc

x
j2

p(t)

Modèle à 1 ddl

0

0.8

0.6

0.5

0.4 3.5

3
0.2

1

2.5

0 2

1.5

1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

6

7

8

9

M
ax

. A
m

p
li

tu
d

e

Stable
Unstable
LP
PD

/ 0

La branche 2T 
se détache

L’isola 2T 
disparaît

Quel niveau d’asymétrie ̅[ = <-/<+	pour voir apparaître les doublements de période ?

0 0.5 1 1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

6

7

8

M
ag

n
it

u
d
e

Harmonic component

1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 0.5 1 1.5 2 2.5

M
ag

n
it

u
d

e

Harmonic component

2

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0 0.5 1 1.5 2 2.5 3

M
ag

n
it

u
d

e

Harmonic component

3

1

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6

/
0

0

1

2

3

4

5

6

7

8

9

2

3

̅ȷ = 0.4 

Courbe de réponse pour  ̅ȷ = 0.4

̅ȷ = 0 
totalement asymétrique

̅ȷ = 1 
symétrique

Suivi de bifurcations pour ̅i = j1/j$ variable

0

0.8

0.6

0.5

0.4 3.5

3
0.2

1

2.5

0 2

1.5



S. Baguet, INSA Lyon / LaMCoS GDR EX-MODELI – 16-17 Octobre 2025, Lille 65

Autres applications du calcul de bifurcations

Aide à la compréhension de courbes de réponses expérimentales.
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P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. 

Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : Experimental and numerical investigation.

MSSP, 226, 2025. doi: 10.1016/j.ymssp.2025.112327

https://doi.org/10.1016/j.ymssp.2025.112327


S. Baguet, INSA Lyon / LaMCoS GDR EX-MODELI – 16-17 Octobre 2025, Lille 66

Autres applications du calcul de bifurcations

Recalage de paramètre 

par comparaison des résultats expérimentaux et du suivi numérique de bifurcations.

Résultats expérimentaux

P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. 

Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : Experimental and numerical investigation.

MSSP, 226, 2025. doi: 10.1016/j.ymssp.2025.112327
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Autres applications du calcul de bifurcations

Recalage de paramètre 

par comparaison des résultats expérimentaux et du suivi numérique de bifurcations.
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P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. 

Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : Experimental and numerical investigation.

MSSP, 226, 2025. doi: 10.1016/j.ymssp.2025.112327
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Autres applications du calcul de bifurcations

Influence du coefficient de régularisation dans la loi de contact
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P. Becerra, S. Baguet, B. Prabel, C. Grenat, and R. Dufour. 

Influence of symmetry breaking on the multi-stable responses of a vibro-impact system : Experimental and numerical investigation.

MSSP, 226, 2025. doi: 10.1016/j.ymssp.2025.112327
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Bientôt disponible !


