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Motivation
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linear oscillator forcing

Eq. X4 cx + wix + fy(x, %, %) = F cos(wt)
nonlinearities

Numerical methods Analytical methods
Drawbacks Drawbacks
Accurate solutions Computational time Parametric investigation Difficult to carry-out
- i .
Complex geometries Long parametric studies Dee.p M EE AR L Approximate solutions
= Design rules
Many dof Less insight Closed-f uti Limited to
Numerical stability _’osce o S"o y |Io:f' i - clmple FrerEites
omputational efficiency > Few dof
. * Time integration * Lindstedt-Poincaré
e e Continuation methods .

x(t) = xg +€xg + -
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Method of Multiple
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Motivation
s(t)
kQ)
™ ®w
S AN O % I O
=+ V'V - —{E— —{F— —
g .
| angle? I(t) = Qt + 6(t)
Objectives

the absorption capacity

— Find the optimum choices for
* The pendulums’ x(s;)
* The pendulums’ a(s;) 1. Provide

Analytical approach

xopt(si) = fx(si;p

2. Understand physical phenomena at stake
PRy P aopt(si) = fa(si;p

Sys.
;; param.
— Determine the dynamical effects of . ,

e endultme x(s;) 2. Asymptotic solutions

* The pendulums’ a(s;) si=filp), =12
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Reasonable hand application of the Method of Multiple Scales

Linear Nonlinear

effects effects
Path x(s;)) =1 —n?sf + x,s;
a(s;) = ays; + ass;

A L 2R, — —
S; + n,si = —5—

Problem to solve

2-02 N
¢ | nypAg

= .-'"l ) 4 '::3 ad g —:'2"1,’ = ":',2 T —~ 1
— 5; + b8, — 2&5; +6napd; (378 + 8:5;7) + AcT1cos(nT)
A',” 1N" }:1 N N s ~ » - v~ X
- damping path rotation nonlinearity external forcing

coupling between nonlinearity

the pendulums

N linearly coupled nonlinear equations

Apply the Method of
Multiple Scales

Design guidelines

Linear

. n,(n,a;) =n Choose to
tuning p(ne, a1) L
* Avoid instabilities
Nonlinear _ * Lock the antiresonance
: cp(xg,a3) =0
tuning
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Prohibited hand application of the Method of Multiple Scales

Simplest nonlinear
pendulum model

= Direct unison
response

s +.'ips, ==

€ nf,ﬂ.-*\f N s P
: — & + b — 2%y
1\“, N P S S
J damping path

e nonlinearity

the pendulums

n = =21 | = =2
+ 6naq s (57 8; + 3:8;

rotation nonlinearity external forcing

Can be done by hand

Design
guidelines

ny (ng, a1) =n
Cp(X4, 0(3) =0

) + AT cos(nt) |-

r

.

: 2~ N
W 2, € A l'-t
S; T Npsi = — Iy { E ?ap M
4im

guidelines

Advanced nonlinear pendulum model

4 ___________ } = Direct unison response
o | ' = Subharmonic responses
\\\ - ’/// \\\ .i ///

,un,

+ bs; +
— N

{z\:s, 25 +s)]

nonlinear (quadratic) coupling
between the pendulums

damping

linear coupling
between the pendulums

==

~ 2 N 2
in ; ns . . .
+ '(Tf{ > (14 n7)Ac (9,9'}2 2’ (s + :»'_,sf)) + 2858 9} — 2Fys]

[—

path

nonlinear (cubic) coupling between the pendulums

9

1
+ 6no s (sis " st';f) (A, + A8t — M ) T cos(n1) }

rotation nonlinearity

external forcing (direct and parametric)

Automation tremendously helped

Design n,(ng, a;) =n

Cp (x4, a3) = C¢

np(ntt al) = n/2
cp(x4,a3) =07

nonlinearity

IV. Conclusion
O

J
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Double pendulums

A @]+ A @), + k@1 + ki@ = —€f1,(@. 9),

Ac2®@ 4+ A @S + k@ + kapo; = —¢ f (@, 9).

1 page-long equations...

Cannot be done by hand

Automation required

Design |Mp; =M

guidelines | ‘vi = C¢;

I

g
)
I

g
(8
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Analytical results are accurate enough
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-
Numerical validation ~ ' nonperiodic |
R R T 0.257 [ Tesponse |
L A~ T —é T e s
e &
= 0.10-
= Unison response =
= Coupled-mode response ED -
= Stability 0.00 : : .
excitation order n
-
Experimental validation ~— |
g /—\
z 6 double ]
6 pendulums B
) pendulums
j Tl
. antiresonance .
= Unison response tracking = Unison response )
= Antiresonance tracking ny — Antiresonance tracking P TR ——
t(,)l‘(lll(‘ order n
\
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— f(t) =
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The Method of Multiple Scales
fnl(x) 3
1. Scaling O k= o
small param. € = g i+cx+wgx + frulx) = f(6) AAA m =1
o C
2. Independent time scales = —1 =
tO - t, tl = et "L(t)
(92x
3. Asymptotic solution . ¢ €° — + wdx, =
x(£) = xo(to, t2) + €x1(to, t1) S 2 9%
= 9%x,
£ 5.2 + wgx, = f1(xo, to, t1)
4. Frequency \ 770
W = TwWy + €
5. Solve x,, and substitute
in f,,11 successively - X = ao(ty) cos(woty — Po(t))
c 9
6. Secular analysis o5 day
S % Aty = fa (a0, o) Amplitude and phase
5z { Bo . evolution
35 |%gg, =fe (@0 ho) with the slow time
\
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The Method of Multiple Scales

1 dao

. fa(ao,,ﬁ’o) Time evolution

de of the amplitude

dj
\ao d_to = fg(aop, Bo) and phase

nonlinear

linear

Evolution
equations

7. Steady-state
dao/dt = dﬁo/dt =0

Ve fa(ag, Bo) =0 Amplitude and
fg(ag, Bo) =0 phase response

(harmonic 1)

Sol

NL forced
response
1st order amplitude ag

8. Stability analysis

Jacobian J|az gry  Stability

wo
eigenvalue of Forcing frequency w
. * *
analysis (ag, Bo)

Stability
information
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Implementation of the MMS

Spring Summer
2019 2020 - 2021 2022 2023 2025 2025

| %

Open source

Symbolic- :
Hand . Full symbolic Broadened Class structure .
. aided hand : : .. Documentation
application aoltetiter implementation application cases Code robustness
Python package
= ‘ ’ OSCILATE

ke oscilate

fgthon'

J D
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Nonlinear systems considered

faro(xo, To, Zo)

Oscillators

-

-

{_—— H .
‘ ——» v 1y 1, En_1, En_1)F cos(wt
Wl frv-1(zn-1,ZN-1,%N-1) (wt) N
AWWWWH m=1 .
_Ict |71 gl’ll,f\"—l(m1d:afé)
Forcing
L
zn-1(t) -
-
-

Vincent MAHE

N oscillators x(t), ..., xy—1(t)

N — [10(z0, 2o, o) F cos(wi) — Linear, conservative at leading order
0
MM m=1
o Nonlinearities
“ 9111,0(m~m1 .’IE)
] - Weak
L = Polynomial (otherwise a Taylor expansion is performed)

Either in displacement, velocity or acceleration

Weak
Linear or nonlinear
Any internal resonance relation

Weak or hard
Harmonic
Parametric

10
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Code architecture

-

Main classes

Dynamilcal system

Description of the
dynamical system

Multiple scales system

= Application of the MMS

->

-

\

\

Steady state

Evaluation at steady state
Computation of forced
responses

Computation of backbone
curves

Stability analysis

Plotting tools

[l. Method

(0]

lll. Code
000000
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(0]

Multiple secales_system

EgMMS : list
EgMME t0 : list
He

coord

detunings

eps

eps_pow_0 - int
forcing

ndof

omega : str, tuple
omegaMMS
omega_ref

omegas

omegas_00 : list
ratio_omegsMM5 : int
ratio_omega osc
sigma : str, tuple
sol

suk

t

t8 : list

HMMS : list
HMMS_£0 : list

Steady_state

coord

eps

forcing

ndof

omegalMs
omega_ ref
ratio_omegaMMs
ratio_omega_osc
sigma

sel

stab

sub

Dynamical_system

Jacobian_polari}

apply MMS (rewrite_polar)

autonomous phases()

compute EgMMS (dynamical system)
evolution equations ()

find harmonics(}

foreing MMS (dynamical_system)
oscillators_freguencies (]

polar coordinates ()

secular analysis (]

asymptotic series [dynamical system, eps_pow 0]

sol_higher_ order (EgMM5S_t0, =MMS t0, io, ix)

plot_RARC(ARC)
plot_FRC(FRC)

solve Fi
solve_ail

solve phase()
solve sigma()

Jacobian cartesian(}

polar_coordinates_SS (rms)

solve_bbele, solve_dof)
solve_forced (solve_dof}

additional cartesian substitutions(fp, fgl
bifurcation curves(detJ, trJ, wvar a, var_sig, solver)
cartesian_coordinates{}
check cartesian substitutionsia, beta, fp, £ql
eigenvaluas (i, detk, trd)
evelution equations_SS (mms)
evelution egquations_cartesian(}

| stability analysis(coord, rewrite polar, eigenvalues, bifurcation curves, analyse blocks, kwargs bif)

Eg : list
forcing

ndof : int
ocmegas : list
t

= > list

Vincent MAHE

list

" sol_order_0() A substitution_solve_dof (solve_dof) ;
sol_sxMMS polar{rewrite_pelar) « I v *
system t0()
time_scalesi)
& aal stan
i Core Classes
o
=8 = Stab_S8
Sal_sS ot _!
T :-No_n-e'Iyg':e Substitutions MMS Jsol : KHoneType
cos_phase : tiple sub & PEEE = LRI
Spl MMS ° = 1lysi rd @ st
i fa T list - sub B : list Substitutions S8 e ===
DR : list fal : list sub beta am g
Coo RS Coord SS fa fbeta : list Forcing MMS sub omega o . bif sig -
A : list = £a0 fbatad : list = Forcing SS Forcing sub_omegas - list SEELEE S idet Blacks : list
T 2 reies a = list hes o liet F Sreing oEe b o - sub_cart : list blocks bif a : list
- s beta : list fbet.aO fp : 1_15: £F F F ’ub—Pml_ sub_free blocks bif sig : list
2 P i g - Lis £ order £ order £F sub_sca.ing sub_phase : list blocks det : list
beta sec : list omega bbe =" = sub_scaling back 3 = .
e a x =i - forcing_term —ub =i = sub_polar : list blocks_eigvals : list
S 5 bbe oilh = sub sealing back blocks_tr : list
. . by = sub selwe : list det_Jsol : NoneIype
xaMMS_polar - list sin_phase : tuple sub_x = et Jeole : HomeType
. e so0l_aZ : NeneType Forcing Classes sub_xMMS : list . = T o=
Coordinates Classes — _ eigvals : BooleanFalse,
solve_dof : HoneType sub_xMMS t
= = = tr_Jsol : NHeneType
x : list =
tr_Jsole
Substitution Classes
Soluti Classes
oluTion bTasse Stability Analysis

11




I. Motivation
00000

Code outputs

fur(z) = ya?

[l. Method
(e]e]

x(t) = xo(t) + ex;(t) + €%x,(t)

t = [tOI t1; tZ]

m =1 —» f(t) = F cos(wt)
L
x(t)
MMS at order 3
to = t, t; = et, t, = €’t

[ll. Code IV. Conclusion
00000 O

ss.sol.fa[@]
1.1s

e3¢ay € F'sin ()

2 EWQ

day
dr fa(ao, Bo)

df5

ss.sol.fbeta[e@] ao'&?'::fb(ao'ﬂo)

o ne :-".- L Y e ) r
Bo) 123€%°aj | 156’7 °ag

8192w 256w
evolution equations
ss.sol.omega bbc.expand()

i backbone curve
12363;‘}"3 ﬂ-g K 22 4 9.~ 2

8192w

Whbe = Wo + fobe(ag)
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fa(z) = a3

m =1 —» f(t) = F cos(wt)
L—»
(1)
! MMS at order 3 |

to = t, t; = et, t, = €’t
x(t) = xo(t) + ex,(t) + €?x,(t)

t = [tO' t1; t2]
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O000e0 O

Choose values for the

. system param. .
Analytical Numerical

results results

Response Plotting tool

curves

1.2

1.0

0.8 1

0.6

ap

0.4 1

0.2 1

0-0 T T T T T T
0.900 0925 0950 0975 1.000 1.025 1.050 1.075 1.100

W
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Open source project and python package

Open source codes on GitHub: https://github.com/VinceECN/OSCILATE
Project called OSCILATE
S A
-\ , .
</> < Archived on SoftwareHeritage
TAY
D v"

Python package: https://pypi.org/project/oscilate/

index Package called oscilate

Easy install with pip install oscilate

Detailed documentation: https://vinceecn.github.io/OSCILATE/

Vincent MAHE 14
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Conclusion and perspectives

faro(zo, Zo, &o)

_Z_ Pre-processing
2 — [10(x0, o, ¥o) I cos(wt) = Equations of motion
AW~ m=1 - \Weak coupling
Cp gnl,0 (:B_. :t1 :13)
_| |—
L,
2o(t) = Specific nonlinearities

= Complex internal resonances

—_— I— . N Minor additions
— frvo1(@n_1, En—1,En-1)F cos(wt)

Wy _1 — Steady state solver
= Polar « Cartesian

CN|_]7 JuN-1(T, T, T) = Periodic forcing
[ = L »
en-1(t) Major additions
= MMS procedure: homogeneous solutions
hOﬂW = Nonlinear wave dispersion analysis

Package
f Index

Vincent MAHE 15
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