
Reduced order modelling for shell finite element 
structures using the direct parametrisation of 

invariant manifolds
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Engineering modeling Thin films system

Fluid-structure interaction Research highlights

1. How to establish an appropriate finite element 
method for modeling thin structures ?

2. An appropriate nonlinear dynamics reduced-order 
method to lower the cost of numerical simulations
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• Touzé C. A normal form approach for nonlinear normal modes
Normal form method

• Vizzaccaro A, et al. Direct computation of nonlinear mapping via normal form for reduced-order models of 
finite element nonlinear structures

• Opreni A, et al. High-order direct parametrisation of invariant manifolds for model order reduction of finite 
element structures: application to generic forcing terms and parametrically excited systems

• Vizzaccaro A, et al. Direct parametrisation of invariant manifolds for generic non-autonomous systems including 
superharmonic resonances

Shell finite element modeling

batteries

• More convenient definition of the kinematic description of thin structures in the transverse direction

• Introduce assumed natural strain to prevent Poisson locking

Nonlinear dynamics solution methods

• Increment harmonic balance method (For full order models)

• Collocation method (For reduced order models)

batteries

DPIM (Direct parametrisation of invariant manifold )

These theories lay the foundation for our development of a framework for solving thin structures !

• Fewer degrees of freedom compared to solid elements
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Positional relationship

Covariant base tensor

Green-Lagrange strain

Constitutive relation

Traditional shell elements lead to locking issues

Hu-Washizu functional

Enhanced assumed strain

with

Extend traditional variational equations to avoid locking issues

Traditional shell elements

Additional equations
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Second-order dynamic equation First-order dynamic equation

and

Nonlinear mapping

ROM equations

Order-1 homological equation

Order-p homological equation
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Ramme Shell (from coarse mesh to fine mesh)

Solid element (from coarse mesh to fine mesh)
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Exact 1:2 internal resonance

Normal Form-Based Single-Mode ROM

Polynomial Expansion of the Nonlinear Frequency

Backbone Curve Expression

What happened here?

Jain S et al.

Stabile et al.
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Dual-Master-Mode Reduced-Order Model The backbone curve is defined by a hyperbolic

The amplitudes are subject to a constraint relation

Gobat et al.
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• It has been confirmed that capturing the 

system's dynamics accurately in the reduced-

order model necessitates the inclusion of the 

first four bending modes
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Gobat et al.
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• With a further reduction in the thickness 

of the thinner region, the frequency ratio 

between the first and second modes

increases to 2.04
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The choice of master modes is a key determinant of the performance and efficiency of a ROM !

The guiding principle is to pre-identify the key resonant terms !
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For

For the conventional CNF method

Order 2 of DPIM

Order 3 of DPIM

Identifying the invariance-breaking terms is an efficient way to find the master modes !

Master modes selected as
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For

Order 2 of DPIM

Order 3 of DPIM

Master modes selected as

We have previously validated that these selected master modes are sufficient to reconstruct the FOM results



Highlights

1. Nonlinear shell dynamics framework based on invariant manifold ROMs

3. Provides practical guidelines for master mode selection in nonlinear ROM construction

4. Demonstrates accuracy and efficiency on shells with curvature and imperfections

Future works

2. Addresses strategies tackling multiple, complex nonlinearities: 1:2 resonance, hardening/softening, isolas

1. Based on the validation results of this work, we will proceed to study more practical engineering problems 
concerning complex nonlinear geometrically thin structures, which are not convenient to analyze using solid elements

2. On this basis, we will also consider more complex working conditions, including fluid-structure interaction 
problems and material nonlinearity issues
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evry-dynamics (Structure dynamics research group )

Metamaterial with hydro-elastic effect

DPIM ROM based on solid-shell element

https://github.com/evry-dynamics
https://github.com/evry-dynamics
https://github.com/evry-dynamics


Thanks for your listening
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