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Child on a swing

Time-periodic systems  

2[1] J. A Richards. Springer Science & Business Media, 2012.

Dynamical stabilization

Parametric instabilities
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Dynamical stabilization of the upward position of a pendulum

Dynamical stabilization
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Kapitza limit: Γ!𝜔! ≥ 2𝑔𝐿
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Video credit: University of California

P.L. Kapitza, Sov. Phys. JETP, 588–597, 1951.



Paul’s Trap: trapping particles in an electric field [1] 
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Video credit: Newtonian Labs

[1] W. Paul. Reviews of modern physics, 62, 1990. 

Making two liquid layer levitate [2]

[2] B.Apffel et al. Nature, 585, 2020. 
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Large modulations at the 
macroscopic scale
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6White light = Electromagnets ON

𝐼 = 0 𝐴 𝐼 = 0.45 𝐴

𝜃̈ 𝑡 − 𝜔! 𝐼 𝜃(𝑡) = 0

𝜃̈ 𝑡 + 𝜔! 𝐼 𝜃(𝑡) = 0
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Experimental dynamical stabilization
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Inverted pendulum: Smith et. al (1992): 
𝑇, = 0.18 s
𝑇 = 6.4×10-. s 8

Characteristic	time:
𝑇, = 0.57	s

Experiment unstable
Experiment stable

𝑇 = 0.13 s 𝑇 = 0.3 s

Experimental dynamical stabilization

1 cm



Potential energy : 𝒱 𝜃, 𝑡 = 𝑓(𝜃)𝒱(𝑡)

Kinetic energy : 𝒯"(𝑝) =
#
$
𝑝$

Hamiltonian : ℋ 𝜃, 𝑝, 𝑡 = 𝒱 𝜃, 𝑡 + 𝒯" (𝑝)
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Numerical study of the tip of the 
stability regions

a) b)
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𝜔(0) = 11.1 rad/s and 𝜔 𝐼 = 19.5 rad/s
𝑇011 = 0.95%𝑇 

𝑇!" = 0.053s
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Nonlinear response
Linear response

𝜔(0) = 11.1 rad/s , 𝜔 𝐼 = 19.5 rad/s, 𝑇011= 0.95%𝑇 and 𝑇02 = 0.053s

Numerical study of the tip of the 
stability regions
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Nonlinear response
Linear response

Linear IVP: 10 periodsLinear IVP: 100 periods

𝜔(0) = 11.1 rad/s , 𝜔 𝐼 = 19.5 rad/s, 𝑇011= 0.95%𝑇 and 𝑇02 = 0.053s

d#𝜃
d𝑡#

− 𝜔# 0 𝜃 𝑡 = 0 during 𝑇!$$
d#𝜃
d𝑡#

+ 𝜔# 𝐼 𝜃 𝑡 = 0 during 𝑇!"

𝜃̇%, 𝜃%
Outside = −𝑇!$$/2, −𝑇!"/2 ∪ [𝑇!"/2, 𝑇!$$/2] 

Numerical study of the tip of the 
stability regions
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Nonlinear response
Linear response

Linear IVP: 10 periodsLinear IVP: 100 periods

𝜔(0) = 11.1 rad/s , 𝜔 𝐼 = 19.5 rad/s, 𝑇011= 0.95%𝑇 and 𝑇02 = 0.053s

d#𝜃
d𝑡#

− 𝜔# 0 𝜃 𝑡 = 0 during 𝑇!$$
d#𝜃
d𝑡#

+ 𝜔# 𝐼 𝜃 𝑡 = 0 during 𝑇!"

𝜃̇%, 𝜃%
Outside = −𝑇!$$/2, −𝑇!"/2 ∪ [𝑇!"/2, 𝑇!$$/2] 

Boundary value problem [1]

−
d#

d𝑡# − ΔΩ
# 𝜃 𝑡 = 𝜔#(𝐼)𝜃(𝑡), 𝑡 ∈ Outside 

−
d#

d𝑡# + 0 𝜃 𝑡 = 𝜔#(𝐼)𝜃(𝑡), 𝑡 ∈ [−𝑇!"/2, 𝑇!"/2]

𝜃 −∞ = 𝜃 ∞ = 0 
Outside = −∞,−𝑇!"/2 ∪ [𝑇!"/2, +∞] and ΔΩ# = 𝜔# 𝐼 + 𝜔# 𝑂

Eigenfunction

Eigenvalue

[1] A.Messiah. Quantum mechanics, 1, 1961. 

Numerical study of the tip of the 
stability regions



𝑇"#(s)

𝑇 "
$$
=
%
𝑇

15

Pseudo-analytical
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Experimental validation of 
the master curves

𝐸&'( = 3.2W.h

Pseudo-analytical

𝐸&'( = 3.2W.h

𝐸&'( = 2.1W.h 𝑇, = 0.57s
𝑇 = 0.12s

A. A Grandi et al. Nonlinear Dynamics, 111:13, 2023. 
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Pseudo-analytical
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Experimental validation of 
the master curves

𝐸&'( = 3.2W.h

Pseudo-analytical

𝐸&'( = 3.2W.h

𝐸&'( = 2.1W.h 𝑇, = 0.57s
𝑇 = 0.12s
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A. A Grandi et al. Nonlinear Dynamics, 111:13, 2023. 
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Thank you for your attention


