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❇❛♥❝ ❡①♣ér✐♠❡♥t❛❧ ✭✷✮ ✲ ❢❛❜r✐❝❛t✐♦♥
❉✐s♣♦s✐t✐❢ ❡♥ ❜♦✐s✱ ré❛❧✐s❛t✐♦♥ ❛rt✐s❛♥❛❧❡ ✿

▶ ❞é❝♦✉♣❡ ❧❛s❡r ✫ ❢❛❜r✐❝❛t✐♦♥ ❛❞❞✐t✐✈❡
▶ ❛ss❡♠❜❧❛❣❡s à ❝r♦✐① ♠✐✲❜♦✐s ✫ q✉❡✉❡ ❞✬❛r♦♥❞❡
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❉✐s♣♦s✐t✐❢ ✶
✭s❛♥s rés♦♥✳ ❛❝✳✮

❉✐s♣♦s✐t✐❢ ✷
✭❛✈❡❝ rés♦♥✳ ❛❝✳✮
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❇❛♥❝ ❡①♣ér✐♠❡♥t❛❧ ✭✷✮ ✲ ❢❛❜r✐❝❛t✐♦♥
❉✐s♣♦s✐t✐❢ ❡♥ ❜♦✐s✱ ré❛❧✐s❛t✐♦♥ ❛rt✐s❛♥❛❧❡ ✿

▶ ❞é❝♦✉♣❡ ❧❛s❡r ✫ ❢❛❜r✐❝❛t✐♦♥ ❛❞❞✐t✐✈❡
▶ ❛ss❡♠❜❧❛❣❡s à ❝r♦✐① ♠✐✲❜♦✐s ✫ q✉❡✉❡ ❞✬❛r♦♥❞❡
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membrane
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✭s❛♥s rés♦♥✳ ❛❝✳✮

❉✐s♣♦s✐t✐❢ ✷
✭❛✈❡❝ rés♦♥✳ ❛❝✳✮
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❇❛♥❝ ❡①♣ér✐♠❡♥t❛❧ ✭✸✮

■♥térêt ❞✉ ❞✐s♣♦s✐t✐❢ ✶ ✿ ❛♥❛❧②s❡ ❞❡ f♥❧(qm) s❛♥s ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧❡ rés♦♥❛t❡✉r ♣r✐♠❛✐r❡
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2
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2
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p̈m + 2ξaωaṗm + (ω
2
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αm(ω
2
a − ω

2
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−ϵf♥❧(qm)
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= −β2P0 cos(Ωt)
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Ihp =  [472,   567,  570,  573,  576,  579,    582]  mA
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❱✐❜r❛t✐♦♥s ◆▲ ❞❡ ♠❡♠❜r❛♥❡s

➱q✉❛t✐♦♥ ❞❡s ♣❧❛q✉❡s ❛✈❡❝ t❡♥s✐♦♥ ❛①✐s②♠✳ ✫ ◆▲ ❞❡ ✈♦♥ ❑ár♠á♥✱

✐♥❡rt✐❡ ✫ ❢♦rç❛❣❡ ❡♥✲♣❧❛♥ ♥é❣❧✐❣és✱ ✈✐❜r❛t✐♦♥s ❛①✐s②♠ ✭ ✮

ρhẅ +D∆∆w − n0∆w − div (N∇w) = p(x, t)

ρhü− div N = n(x, t).

Pr♦❥❡❝t✐♦♥ s✉r ♠♦❞❡s tr❛♥s✈❡rs❡s ✫ r❛❞✐❛✉①✿
w(x, t) =

∑K
k=1 ϕk(x)qk(t), ϕk(x) = κkJ0(ωkr)

u(x, t) =
∑P

p=1 ψp(x)ηp(t), ψp(x) = λpJ1(γpr)
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➱q✉❛t✐♦♥ ❞❡s ♣❧❛q✉❡s ❛✈❡❝ t❡♥s✐♦♥ ❛①✐s②♠✳ ✫ ◆▲ ❞❡ ✈♦♥ ❑ár♠á♥✱

✐♥❡rt✐❡ ✫ ❢♦rç❛❣❡ ❡♥✲♣❧❛♥ ♥é❣❧✐❣és✱ ✈✐❜r❛t✐♦♥s ❛①✐s②♠ ✭U(x, t) = w(x, t)ez + u(x, t)er✮

ρhẅ✭✭✭✭+D∆∆w − n0∆w − div (N∇w) = p(x, t)

✟
✟ρhü− div N =✘✘✘n(x, t).
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❱✐❜r❛t✐♦♥s ◆▲ ❞❡ ♠❡♠❜r❛♥❡s
➱q✉❛t✐♦♥ ❞❡s ♣❧❛q✉❡s ❛✈❡❝ t❡♥s✐♦♥ ❛①✐s②♠✳ ✫ ◆▲ ❞❡ ✈♦♥ ❑ár♠á♥✱

✐♥❡rt✐❡ ✫ ❢♦rç❛❣❡ ❡♥✲♣❧❛♥ ♥é❣❧✐❣és✱ ✈✐❜r❛t✐♦♥s ❛①✐s②♠ ✭U(x, t) = w(x, t)ez + u(x, t)er✮
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✮
✰ réé❝r✐t✉r❡ ❡♥ (w, u) ✿
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❱✐❜r❛t✐♦♥s ◆▲ ❞❡ ♠❡♠❜r❛♥❡s
➱q✉❛t✐♦♥ ❞❡s ♣❧❛q✉❡s ❛✈❡❝ t❡♥s✐♦♥ ❛①✐s②♠✳ ✫ ◆▲ ❞❡ ✈♦♥ ❑ár♠á♥✱

✐♥❡rt✐❡ ✫ ❢♦rç❛❣❡ ❡♥✲♣❧❛♥ ♥é❣❧✐❣és✱ ✈✐❜r❛t✐♦♥s ❛①✐s②♠ ✭U(x, t) = w(x, t)ez + u(x, t)er✮

❆❞✐♠❡♥s✐♦♥♥❡♠❡♥t ✭ϵ = Eh
n0

✮
✰ réé❝r✐t✉r❡ ❡♥ (w, u) ✿

ẅ −∆w − ϵg♥❧(u,w) = ϵp(x, t)
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r
),r + h♥❧(u,w) = 0.

Pr♦❥❡❝t✐♦♥ s✉r ♠♦❞❡s tr❛♥s✈❡rs❡s ✫ r❛❞✐❛✉①✿
w(x, t) =
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❈♦♥t✐♥✉❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡✿ ✐♠♣❧é♠❡♥t❛t✐♦♥

▼✐s❡ ❡♥ ♦❡✉✈r❡ ❞✬✉♥❡ ❜♦✉❝❧❡ à ✈❡rr♦✉✐❧❧❛❣❡ ❞❡ ♣❤❛s❡

❈♦♥trô❧❡✉r P■

ω0

φc
+
−

e

φ̂

φ̂x(Ω)

φ̂F (Ω)

❉ét❡❝t❡✉rs

❞❡ ♣❤❛s❡

❙②stè♠❡
❞②♥❛♠✐q✉❡

F

+

cos θ

Ω

①

Fexc

❈♦♠♠❛♥❞❡

+
−

❡♥ ♣❤❛s❡

❆❝t✐♦♥♥❡✉r
❈❛♣t❡✉r

❱❈❖

⇝ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❛✈❡❝ ❝♦♥trô❧❡✉r ✭t②♣✐q✉❡♠❡♥t ❞❙♣❛❝❡ ✫ s❝r✐♣ts ❙✐♠✉❧✐♥❦✮
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❈♦♥t✐♥✉❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡✿ ✐♠♣❧é♠❡♥t❛t✐♦♥

▼✐s❡ ❡♥ ♦❡✉✈r❡ ❞✬✉♥❡ ❜♦✉❝❧❡ à ✈❡rr♦✉✐❧❧❛❣❡ ❞❡ ♣❤❛s❡

❈♦♥trô❧❡✉r P■

ω0

cos

sin

φc

cos(Ωt)

sin(Ωt)

+
−

e

φ̂

φ̂x(Ω)

φ̂F (Ω)

❉ét❡❝t❡✉rs

❞❡ ♣❤❛s❡

∫

❙②stè♠❡
❞②♥❛♠✐q✉❡

F

+

cos θ

θ

cos

sin

∫

3θ
Ω

①

Fexc

❈♦♠♠❛♥❞❡

+
−

3

❡♥ ♣❤❛s❡

❆❝t✐♦♥♥❡✉r
❈❛♣t❡✉r

s✐❣♥❛✉① ❞✬ét✉❞❡

2
√

•
2 + ◦

2

arctan(◦/•)

✭x, Fexc✮
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❈♦♥t✐♥✉❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡✿ ✐♠♣❧é♠❡♥t❛t✐♦♥

❈♦♥trô❧❡ ✐♠♣❧é♠❡♥té s♦✉s ❱❈❱ ❘❛❝❦ ⇝ ✐♥t❡r❢❛❝❡ ❞❡ s②♥t❤ès❡ s♦♥♦r❡ ♣❛r ♠♦❞✉❧❡

❆✈❛♥t❛❣❡ ✿ ❧♦❣✐❝✐❡❧ ❧✐❜r❡ ❡t ❣r❛t✉✐t✳✳✳
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❈♦♥t✐♥✉❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡✿ ✐♠♣❧é♠❡♥t❛t✐♦♥

❈♦♥trô❧❡ ✐♠♣❧é♠❡♥té s♦✉s ❱❈❱ ❘❛❝❦ ⇝ ✐♥t❡r❢❛❝❡ ❞❡ s②♥t❤ès❡ s♦♥♦r❡ ♣❛r ♠♦❞✉❧❡

Ω = ω0 +KI
∑

n e(n)

❆✈❛♥t❛❣❡ ✿ ❧♦❣✐❝✐❡❧ ❧✐❜r❡ ❡t ❣r❛t✉✐t✳✳✳
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❈♦♥t✐♥✉❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡✿ ✐♠♣❧é♠❡♥t❛t✐♦♥

pm

V2

❍P

♠✐❝r♦♣❤♦♥❡

wm

P✐❧♦t❛❣❡✱

❛❝q✉✐s✐t✐♦♥ ❡t

❝♦♥trô❧❡

✈é❧♦❝✐♠ètr❡

❧❛s❡r

❆♠♣❧✐

zone

instable
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❈♦✉r❜❡s ♠❛îtr❡ss❡s ✿ ♠❡s✉r❡s ❡t r❡❝❛❧❛❣❡s
❈♦✉r❜❡ ♠❛îtr❡ss❡ ⇝ ❝♦♠♠❛♥❞❡ ❞❡ ♣❤❛s❡ t✳q✳ φv − φpm = 0 ❡t ↗ ❞❡ Ihp

❘❡❝❛❧❛❣❡ ❛✈❡❝ ♥❧ ♥❧
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❈♦✉r❜❡s ♠❛îtr❡ss❡s ✿ ♠❡s✉r❡s ❡t r❡❝❛❧❛❣❡s
❈♦✉r❜❡ ♠❛îtr❡ss❡ ⇝ ❝♦♠♠❛♥❞❡ ❞❡ ♣❤❛s❡ t✳q✳ φv − φpm = 0 ❡t ↗ ❞❡ Ihp

❘❡❝❛❧❛❣❡ ❛✈❡❝ ♥❧ ♥❧
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❈♦✉r❜❡s ♠❛îtr❡ss❡s ✿ ♠❡s✉r❡s ❡t r❡❝❛❧❛❣❡s
❈♦✉r❜❡ ♠❛îtr❡ss❡ ⇝ ❝♦♠♠❛♥❞❡ ❞❡ ♣❤❛s❡ t✳q✳ φv − φpm = 0 ❡t ↗ ❞❡ Ihp

❘❡❝❛❧❛❣❡ ❛✈❡❝ q̈m + ω2
mqm + ϵf♥❧(qm) = 0, f♥❧(qm) = Γ1

111q
3
m, ϵ =

Eh

n0
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❙②stè♠❡ ❝♦✉♣❧é ✿ s❧♦✇ ✐♥✈❛r✐❛♥t ♠❛♥✐❢♦❧❞
▶ ❖s❝✳ ♠❡❝❛✳ ✿ q̈m + 2ξmωmq̇m + ω2

mqm + ϵΓ1
111q

3
m = ϵαmpm

▶ ❖s❝✳ ❛❝✳ ✭❈▲ ♦✉✈❡rt✲♦✉✈❡rt✮ ✿ ÜL + 2ξaωaU̇L + ω2
aUL = −

(

1
2ρaL

)(

p0 + pm

)

▶ ❈♦♥s✳ ✈♦❧✉♠❡ ✿ UL =

(

χsV1
S

)

pm + αmqm

⇒ é❝r✐t✉r❡ ❡♥ (qm, pm)✱ s✐♠✉❧é ❛✈❡❝ ▼❛♥❧❛❜ ✿

q̈m + 2ξmωmq̇m + ω2
mqm + ϵΓ1

111q
3
m = ϵαmpm

p̈m + 2ξaωaṗm + (ω2
a + ϵβ1αm + β2)pm + β1

[

αm(ω2
a − ω2

m)qm

+αm(2ξaωa − 2ξmωm)q̇m − ϵΓ1
111q

3
m

]

= −β2λ cos(Ωt)
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❙②stè♠❡ ❝♦✉♣❧é ✿ s❧♦✇ ✐♥✈❛r✐❛♥t ♠❛♥✐❢♦❧❞
▶ ❖s❝✳ ♠❡❝❛✳ ✿ q̈m + 2ξmωmq̇m + ω2

mqm + ϵΓ1
111q

3
m = ϵαmpm

▶ ❖s❝✳ ❛❝✳ ✭❈▲ ♦✉✈❡rt✲♦✉✈❡rt✮ ✿ ÜL + 2ξaωaU̇L + ω2
aUL = −

(

1
2ρaL

)(

p0 + pm

)

▶ ❈♦♥s✳ ✈♦❧✉♠❡ ✿ UL =

(

χsV1
S

)

pm + αmqm

⇒ é❝r✐t✉r❡ ❡♥ (qm, pm)✱ s✐♠✉❧é ❛✈❡❝ ▼❛♥❧❛❜ ✿

q̈m + 2ξmωmq̇m + ω2
mqm + ϵΓ1

111q
3
m = ϵαmpm

p̈m + 2ξaωaṗm + (ω2
a + ϵβ1αm + β2)pm + β1

[

αm(ω2
a − ω2

m)qm

+αm(2ξaωa − 2ξmωm)q̇m − ϵΓ1
111q

3
m

]

= −β2λ cos(Ωt)
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❙②stè♠❡ ❝♦✉♣❧é ✿ s❧♦✇ ✐♥✈❛r✐❛♥t ♠❛♥✐❢♦❧❞
▶ ❖s❝✳ ♠❡❝❛✳ ✿ q̈m + 2ξmωmq̇m + ω2

mqm + ϵΓ1
111q

3
m = ϵαmpm

▶ ❖s❝✳ ❛❝✳ ✭❈▲ ♦✉✈❡rt✲♦✉✈❡rt✮ ✿ ÜL + 2ξaωaU̇L + ω2
aUL = −

(

1
2ρaL

)(

p0 + pm

)

▶ ❈♦♥s✳ ✈♦❧✉♠❡ ✿ UL =

(

χsV1
S

)

pm + αmqm

⇒ é❝r✐t✉r❡ ❡♥ (qm, pm)✱ s✐♠✉❧é ❛✈❡❝ ▼❛♥❧❛❜ ✿

q̈m + 2ξmωmq̇m + ω2
mqm + ϵΓ1

111q
3
m = ϵαmpm

p̈m + 2ξaωaṗm + (ω2
a + ϵβ1αm + β2)pm + β1

[

αm(ω2
a − ω2

m)qm

+αm(2ξaωa − 2ξmωm)q̇m − ϵΓ1
111q

3
m

]

= −β2λ cos(Ωt)
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❈♦♥❝❧✉s✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s

❈♦♥❝❧✉s✐♦♥s ✿
▶ ❢❛❜r✐❝❛t✐♦♥ ❞✬✉♥ ❜❛♥❝ ❧♦✇✲❝♦st ✈✐❜r♦✲❛❝♦✉st✐q✉❡ r❡✈✐s✐té

▶ ❛♥❛❧②s❡ ❞ét❛✐❧❧é❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ◆▲ ♣♦ss✐❜❧❡ r❛♣✐❞❡♠❡♥t

→ ♠♦♥t❛❣❡ ❛✈❡❝ ♦s❝✐❧❧❛t❡✉r ◆▲ ❞é❝♦✉♣❧é
→ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❧♦✇✲❝♦st ❞✬✉♥ ❝♦♥trô❧❡ ❞❡ ♣❤❛s❡

▶ ♠♦❞é❧✐s❛t✐♦♥ ♠✐♥✐♠❛❧❡ ❞❡ ❧❛ ♠❡♠❜r❛♥❡ ❡♥ ❣r❛♥❞s ❞é♣❧❛❝❡♠❡♥ts

→ à ❞é✈❡❧♦♣♣❡r ❡♥ ✈✉❡ ❞❡ r❡❝❛❧❛❣❡s ♣ré❝✐s

P❡rs♣❡❝t✐✈❡s ✿

❞é✈❡❧♦♣♣❡♠❡♥ts s✉r ♠♦❞è❧❡ ❞❡ ♠❡♠❜r❛♥❡ ❡♥ ❣r❛♥❞s ❞é♣❧❛❝❡♠❡♥ts

✈✐s❝♦é❧❛st✐❝✐té ❛♠♦rt✐ss❡♠❡♥t ◆▲
❣r❛♥❞❡s r♦t❛t✐♦♥s

❛♥❛❧②s❡ ❞✉ rô❧❡ ❞✉ ♠❛tér✐❛✉ ❡t ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞✬❛✉tr❡s ♠❡♠❜r❛♥❡s

rô❧❡ ❞❡ ❧❛ ❞✐ss✐♣❛t✐♦♥ ❞❛♥s ❧❡ ◆❊❙
❛❞❛♣t❛t✐♦♥ ♠é❝❛♥✐q✉❡ à ❧✬❛✐r ✭♠❛îtr✐s❡ ❞✉ ❝♦✉♣❧❛❣❡✮
♠❡♠❜r❛♥❡ ❜✐✲st❛❜❧❡

✐♥st❛❧❧❛t✐♦♥s ❡♥ ❝♦♥❞✉✐t

▼❡r❝✐
à P✳✲❖✳ ▼❛tt❡✐
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❈♦♥❝❧✉s✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s

❈♦♥❝❧✉s✐♦♥s ✿
▶ ❢❛❜r✐❝❛t✐♦♥ ❞✬✉♥ ❜❛♥❝ ❧♦✇✲❝♦st ✈✐❜r♦✲❛❝♦✉st✐q✉❡ r❡✈✐s✐té

▶ ❛♥❛❧②s❡ ❞ét❛✐❧❧é❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ◆▲ ♣♦ss✐❜❧❡ r❛♣✐❞❡♠❡♥t

→ ♠♦♥t❛❣❡ ❛✈❡❝ ♦s❝✐❧❧❛t❡✉r ◆▲ ❞é❝♦✉♣❧é
→ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❧♦✇✲❝♦st ❞✬✉♥ ❝♦♥trô❧❡ ❞❡ ♣❤❛s❡

▶ ♠♦❞é❧✐s❛t✐♦♥ ♠✐♥✐♠❛❧❡ ❞❡ ❧❛ ♠❡♠❜r❛♥❡ ❡♥ ❣r❛♥❞s ❞é♣❧❛❝❡♠❡♥ts

→ à ❞é✈❡❧♦♣♣❡r ❡♥ ✈✉❡ ❞❡ r❡❝❛❧❛❣❡s ♣ré❝✐s

P❡rs♣❡❝t✐✈❡s ✿

▶ ❞é✈❡❧♦♣♣❡♠❡♥ts s✉r ♠♦❞è❧❡ ❞❡ ♠❡♠❜r❛♥❡ ❡♥ ❣r❛♥❞s ❞é♣❧❛❝❡♠❡♥ts

→ ✈✐s❝♦é❧❛st✐❝✐té ⇝ ❛♠♦rt✐ss❡♠❡♥t ◆▲
→ ❣r❛♥❞❡s r♦t❛t✐♦♥s

▶ ❛♥❛❧②s❡ ❞✉ rô❧❡ ❞✉ ♠❛tér✐❛✉ ❡t ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❞✬❛✉tr❡s ♠❡♠❜r❛♥❡s

→ rô❧❡ ❞❡ ❧❛ ❞✐ss✐♣❛t✐♦♥ ❞❛♥s ❧❡ ◆❊❙
→ ❛❞❛♣t❛t✐♦♥ ♠é❝❛♥✐q✉❡ à ❧✬❛✐r ✭♠❛îtr✐s❡ ❞✉ ❝♦✉♣❧❛❣❡✮
→ ♠❡♠❜r❛♥❡ ❜✐✲st❛❜❧❡

▶ ✐♥st❛❧❧❛t✐♦♥s ❡♥ ❝♦♥❞✉✐t

▼❡r❝✐
à P✳✲❖✳ ▼❛tt❡✐
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