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Intro Theory Experiments

Piezoelectric shunts
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• Piezoelectric patchs: mechanical / electrical energy conversion

• electric circuits:

 mechanical energy dissipation,

 counter vibrations.

. Basic shunts electric analogs of mechanical dampers [Hagood & von Flotow, JSV 1991]

• Resistive shunt: the energy is dissipated in the electrical resistance

• Resonant shunt: electric equivalent of a tuned mass damper

. Passive devices

• no external energy injected into the system (always stable)

• powered electronic components (semi-passive)
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Intro Theory Experiments

Resistive and resonant shunt responses
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. Resonant / resistive shunts [Thomas et al SMS 2012]

Good performance, but fully linear. . .

 why not including nonlinearities in the shunt ?
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Intro Theory Experiments

Today’s talk and state of the art
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A nonlinear impedance

. Our work:

• including nonlinearities in the shunt

• using 1:2 internal resonance for a saturation effect

. What’s new ?

• Some works using 1:2 internal resonance exist in active control [Nayfeh & Pai teams, 1996–]

• Our solution is a semi-passive shunt

. Other families of works on piezoelectric nonlinear dampers:

• Nonlinear Energy Sinks (NES) [Erturk team, SMS 2018], [Dekemele, Smart 2023]

• Nonlinear tuned vibration absorbers: a mirror of a primary nonlinear structure [Lossouarn,

Raze, Kerschen, Deü 2018-]

• Synchronized Switch Damping [Guyomar team 2000-],. . .

• A non-smooth shunt (using a diode) [Shami, Thomas, Giraud-Audine, ND, 2023]
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Intro Theory Experiments

Two oscillators coupled in 1:2 internal resonance{
ẍ1 + 2µ1ẋ1 + ω2

1x1 + α1x1x2 = 0

ẍ2 + 2µ2ẋ2 + ω2
2x2 + α2x

2
1 = f2 cos Ωt

← secondary oscillator

← primary oscillator
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PRIMARY OSCILLATOR
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• Below the threshold f2 < f∗
2 : linear uncontroled response;

• Above the threshold f2 > f∗
2 : nonlinear antiresonance + saturation of the amplitude

thanks to a subharmonic transfer of energy
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Intro Theory Experiments

Coupling a mechanical mode with an electrical circuit

Elastic structure

Piezoelectric patch
Q̇

Q V

Ext. forcing
u(t)

L

R

Vnl =

 β1Q
2

β2V
2

Nonlinear shunt

• One eigenmode expansion + piezoelectric coupling + resonant circuit:

u(t) = Φiqi(t) ⇒


q̈i + 2ξiω̂iq̇i + ω̂

2
i qi +

θi

miCpi
Q =

Fi

mi

cos Ωt

Q̈+ 2ξeωeQ̇+ ω
2
eQ+

θi

LCpi
qi +

Vnl

L
= 0

qi(t) mechanical modal coordinate; Q(t) electric charge; (ω̂i, ωe) mechanical and

electrical natural frequencies: ωe = 1/
√
LC ' ω̂i/2

• Linear piezoelectric coupling

• Nonlinear voltage source

 Vnl = β1Q2 ⇔ a nonlinear capacitor (no simple passive component)

 Vnl = β2V 2: easier in practice (see after).
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Intro Theory Experiments

Back to the canonical oscillators

• Expansion onto electromechanical modes (ψ1,ψ2):(
qi

Q

)
= Ψ

(
x1

x2

)

⇒
{

ẍ1 + 2µ1ẋ1 + ω2
1x1 + Λ1x21 + Λ2x1x2 + Λ3x22 = 0

ẍ2 + 2µ2ẋ2 + ω2
2x2 + Λ4x21 + Λ5x1x2 + Λ6x22 = f2 cos Ωt

with qi ' x2 (' mechanical mode) & Q ' x1 (' electrical mode) because the

piezoelectric coupling is often low.

• If ω2 ' 2ω1, appearance of nonlinear quadratic:

 resonant terms

 but also non-resonant terms of large value (Λ1 in particular).

the non-resonant terms are responsible of a detuning of the nonlinear

antiresonance as a function of the amplitude of forcing
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ẍ1 + 2µ1ẋ1 + ω2
1x1 + Λ1x21 + Λ2x1x2 + Λ3x22 = 0
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Intro Theory Experiments

Effect of quadratic non resonant terms

All quadratic NL termsResonant terms only

Detuning

detuning of the nonlinear antiresonance ⇒ loss of saturation of x2(t)
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Intro Theory Experiments

Normal form transform & cubic terms

• From basic normal form theory, non-resonant quadratic terms are equivalent to

cubic terms in the normal form:
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= f2 cos Ωt

with Ak
ijl, Bk

ijl, Dk
ijl functions of quadratic non-resonant coefficients.

• with cubic terms in the initial oscillators

Adding a cubic term in the shunt may help

cancelling the effect of quadratic non resonant terms
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Q(3)
p (ri, ṙi)
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2
1 + . . .︸ ︷︷ ︸

cubic terms

= 0

r̈2 + ω
2
2r2 + g

2
11x

2
1 + (h

2
112 + A

1
111 −D

2
112)r

2
1r2 + . . .︸ ︷︷ ︸

cubic terms

= f2 cos Ωt

with Ak
ijl, Bk

ijl, Dk
ijl functions of quadratic non-resonant coefficients.

• with cubic terms in the initial oscillators

Adding a cubic term in the shunt may help

cancelling the effect of quadratic non resonant terms

9/19



Intro Theory Experiments

Normal form transform & cubic terms

• From basic normal form theory, non-resonant quadratic terms are equivalent to

cubic terms in the normal form:
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Intro Theory Experiments

Annihilation of the effect of non-resonant terms

All quadratic NL terms

Detuning

symmetry
recovering

backbone

tuning recovering

Quadratic + cubic terms

"symmetric" backbone

curves

Resonant quadratic NL terms

loss of

symmetry

We tune the cubic hkijl terms to cancel the effect of the quadratic non-resonant terms

on the backbone curves of the coupled 1:2 nonlinear modes:

explicit formula hkijl = f(gkij).
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Intro Theory Experiments

Saturation recovery

Quadratic resonant
terms only

(perfect saturation)

Quad.+cubic terms
(saturation recovery)

All quadratic terms
(no saturation)

Linear response 
(no shunt)
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Intro Theory Experiments

Quadratic & cubic shunt

Elastic structure

Piezoelectric patch
Q̇

Q V

Ext. forcing
u(t)

L

R

Nonlinear shunt

Vnl = βqV
2 + βcV

3

• We add both quadratic and cubic NL terms in the shunt

• With only one degree of freedom (the alue of ceof. βc), we are able to cancel

only the largest quadratic non resonant term (g111), leading to:

βc =
10

9
β2
c
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Intro Theory Experiments

Proof of concept on a hydroelastic foil model

CoilMagnet
B1 mode − 92 Hz

T1 mode − 519 Hz

Foil structure

Piezoelectric patches Clamping vice

190

35

85
6

60 P1
P2

Nonlinear shunt circuit

Nonlinear shunt tuned to damp the first bending mode (92 Hz)
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Intro Theory Experiments

Analog electronic circuit with multipliers
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Intro Theory Experiments

Experiments vs. theory

Quadratic + cubic

shunt

Nonlinear antiresonances

Quadratic shunt

Perfect match !
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Intro Theory Experiments

Saturation effect

no sh
unt

quadra
tic

 o
nly 

sh
unt

quadratic + cubic shunt

quadratic + cubic shuntquadratic only shunt

The cubic shunt clearly helps enhancing the saturation response range
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Intro Theory Experiments

Comparison to a linear resonant shunt

shunt

Linear resonant

Quadratic shunt

Because of the saturation, above a certain threshold (tunable) the nonlinear shunt is

better than the linear resonant (RL) shunt.
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Intro Theory Experiments

Conclusions & perspectives

• The use of a 2:1 internal resonance with a piezoelectric shunt to obtain a control device

based on saturation is fully demonstrated, theoretically & experimentally with analog

electronic components;

• An unexpected effect of non resonant quadratic terms (detuning and quasiperiodic

responses) was cancelled thanks to cubic terms & normal form theory;

• All optimization results are detailed in publications. Especially, the figure of merit of the

shunt, for the saturation amplitude, is ξe/(κβq) with ξe [-] electrical damping ratio, κ [-]
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Conclusions & perspectives

• The use of a 2:1 internal resonance with a piezoelectric shunt to obtain a control device

based on saturation is fully demonstrated, theoretically & experimentally with analog

electronic components;

• An unexpected effect of non resonant quadratic terms (detuning and quasiperiodic

responses) was cancelled thanks to cubic terms & normal form theory;

• All optimization results are detailed in publications. Especially, the figure of merit of the

shunt, for the saturation amplitude, is ξe/(κβq) with ξe [-] electrical damping ratio, κ [-]

piezoelectric coupling factor & βc [V−1] the quadratic voltage constant.
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Une annonce

Poste d’enseignant(e)-chercheur(se) 

H/F 

Section CNU : 60

Discipline : Dynamique non linéaire et 

vibroacoustique des systèmes et des structures

Vous  souhaitez  participer  à  la  dynamique  d’un  établissement

leader au niveau national et international sur la transformation

des industries pour une société respectueuse de l’individu et de

notre environnement ?

Rejoignez notre établissement et sa dynamique autour des 

activités d’enseignement et de recherche du campus de Lille

Présentation de l’établissement 

Grande école d’ingénieur,  l’Ecole Nationale Supérieure d’Arts et

Métiers  est  un  établissement  public  scientifique,  culturel  et

professionnel  (EPSCP)  sous  tutelle  unique  du  ministère  de

l’enseignement supérieur et de la recherche. Il est composé de

huit  campus  et  de  trois  instituts  répartis  sur  le  territoire.  Ses

missions  sont  celles  d’un  établissement  public  d’enseignement

supérieur  :  formation  initiale  et  continue,  recherche  et

valorisation.

Environnement

Le campus de Lille forme des ingénieur(e)s en formation initiale et

par  apprentissage  pour  accompagner  les  transformations

numériques et environnementales de l’industrie. Le (La) candidat

(e)  recruté  (e)  réalisera  ses  travaux  de  recherche  au  sein  du

laboratoire  LISPEN  (Laboratoire  l’Ingénierie  des  Systèmes

Physiques et Numériques). Ce laboratoire traite de la maîtrise du

développement  et  de  la  supervision  des  systèmes  dynamiques

avec  une  approche  de  modélisation  hybride  physique  et

numérique.

Nous  recherchons  des  enseignant(e)s  chercheur(se)s  à  fort

potentiels,  motivé(e)s  par  les  défis  des  transformations

industrielles pour participer aux dynamiques en cours d’Arts  et

Métiers Sciences et Technologies. Vous serez accompagné(e) pour

déployer votre projet, en lien avec notre stratégie pendant vos

deux premières années et une proposition de poste pérenne vous

sera faite à l’issue, sous réserve de votre bonne intégration aux

dynamiques en cours (stra
tégie de tenure track).

Sur ce poste, nous recherchons plus spécifiquement :

Pour nos formations :

Un(e)  enseignant(e)  chercheur(se)  pour  renforcer  l’équipe

pédagogique  en charge des enseignements liés à la mécanique

des solides et la conception. La personne recrutée effectuera ses

enseignements  en  1re  et  2e  année  du  cycle  ingénieur  et  en

Localisation du poste :

Campus de Lille

Informations 

complémentaires :

Prise de poste envisagée à partir 

du 15/01/2024

Unité d’affectation : laboratoire 

LISPEN

Quotité de travail : temps plein

Catégorie du poste : A

Poste ouvert uniquement aux 

contractuels

Nos recrutements sont fondés

sur  les  compétences,  sans

distinction d’origine, d’âge, ou

de  genre  et  tous  nos  postes

sont ouverts aux personnes en

situation de handicap.

Durée du contrat : 36 mois

Un bilan sera fait au bout de 2 ans 

pour vous proposer le cas échéant 

une pérennisation de votre poste.

Rémunération fixée selon 

l’expérience du candidat

Modalités de candidatures :

Dossier de candidature à déposer 

sous forme électronique du X H au

X H sur : 

https://dematec- 

lille.ensam.eu

Contacts :

Enseignement 

Olivier THOMAS

olivier.thomas@ensam.eu 

Anne BLANLOT

anne.blanlot@en
 

 sam.eu   

Recherche 

Olivier THOMAS

olivier.thomas
 

 @ensam.eu
 

 

Richard BEAREE

richard.bearee@ensam.eu

Contact administratif
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