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Dynamic systems

Modeling and control of (deterministic) dynamic systems

Dynamic system

p e
Physical laws, data
/y Mathematical Model \
Interactions Interactions

Interactions: Actuation + Measurement

Two approaches:
Lumped parameters systems, distributed parameters systems.
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Recent technological progresses and physical knowledges allow to go toward the use
of complex systems:

> Highly nonlinear.
> Involving numerous physical domains and possible heterogeneity.
> With distributed parameters or organized in network.
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Recent technological progresses and physical knowledges allow to go toward the use
of complex systems:

> Highly nonlinear.
> Involving numerous physical domains and possible heterogeneity.
> With distributed parameters or organized in network.

New issue for system control theory

Modeling step is important — the physical properties can be advantageously used for
analysis, control or simulation purposes
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Example 1: inverted pendulum system

Example: Segway system
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Example 1: inverted pendulum system

Non linear mechanical system:
> Two natural equilibria.
> Control: insure © =0
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Example 2: Nanotweezer for DNA manipulation
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Example 2: Nanotweezer for DNA manipulation

DNA bundle
fo

Velocity

Non linear electro mechanical
» Linear or Non linear ODEs.

L > Linear PDEs.
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Example 3: Active skin for vibro-acoustic control

P Anscrcio Tarmination
soren

2-D case:

> Non linear finite dimensional system
: loudspeakers/microphones

> Power preserving interconnection

> 2-D wave equation
0 0 —graa pio 0 0 q
- 1

—div 0 0 r

Xs

Toward a more complex actuation system with elastodynamic components
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Modeling and control of interglotal air flows (coll. usm Chile)

0.0000 20.000 4 .000 100.00

| pp———L

B &

Velocity: Magnitude (m/s)
0.000 — 60.000  80.

to-st
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Example 4: Adsorption process

Extra granular

phase / OOOO OOOO%O OOO O\;
Oo oo OOO Ooo 55)

L'25 cm
) o o 08 0008 30
Rint %41 cm 9To 00 O o oOO
fo z~
Macropore scale Bidisperse
Rp%1,24 mm pellet
Ic

Micropore scale
R %1 pum

Microporous crystal

» Multiscale heterogeneous system.
» Dynamic behavior driven by irreversible thermodynamic laws

femto-st
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Example 4: Adsorption process

Extra granular

/Oooo 0O ° 0000 O O\;
phase OOO OoOOO OOOOOo

000

L'a25 cm O
R L T
Rine %41 cm o Sc0 000
_
oy z
Macropore scale Bidisperse
Rp 41,24 mm pellet
fc

Micropore scale
R %1 pm

» Multiscale heterogeneous system.
» Considered phenomena:

> Fluid scale: convection, dispersion.
> Pellet scale: diffusion (Stephan-Maxwell).
> Microscopic scale: Knudsen law.

Microporous crystal
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Example 5: lonic Polymer Metal Composite

Valuge epply

ol electode =m ]

lomie comdacTve

pabymergel |

O fasoa
& Waser malecide

> Electromechanical system.
> 3 scales : Polymer-electrode interface, diffusion in the polymer, beam bending.
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Soft robotics (FEMTO-ST France)
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Soft robotics (FEMTO-ST France)

> Artificial aorta for blood pressure
control (coll. EPFL Swizerland)
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Toward more complex systems ...

Tokamak nuclear reactor
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Models and Complexity

> A model is always an approximation of reality.
> A model depends on the problem context.
> A model has to be tractable.

Purpose

Derive a mathematical model based on Physics useful for:
> Simulation (model reduction)
> Analysis
> Control design
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Models and Complexity (illustration)

Finite differences v.s. Structure preserving mixed finite elements

Extra granular s O = % R

phase o2 o 09,0, O Power flow exchanged with

—— 0000 8 0<§8°° FA Pt
o,

Ry hiem 0P O8 00

— b
Z

Macropore scale

Rp1.24mm

b < f!
! ol Te

fo a
3.: e/ pellet
Power flowexchanged with

I
the previous volume

Micropore scale @ Microporous crystal
R %l um Figure 4: Principle of the spatial discretization

Finite difference with N=10 Structural method N=10

Conceniration of component Q: mol/Volume
Concentration of component Q: mol/Volume

60 0
Time: sec Time: sec
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Port Hamiltonian framework

> g vector of generalized coordinates.
85(a.p)

» p vector of generalized momenta.
5q(a,P)

—N
T Q-
I

Qm
I‘O‘I

» H(q, p) Hamiltonian function, total energy.

1833 - W. R. Hamilton
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Port Hamiltonian framework

> g vector of generalized coordinates.
85(a.p)

» p vector of generalized momenta.
p = —-35@p

—N
. _Q.
%g‘::

» H(q, p) Hamiltonian function, total energy.

1833 - W. R. Hamilton

Port Hamiltonian systems

Class of non linear dynamic systems derived from an extension to open physical
systems (1992) of Hamiltonian and Gradient systems. This class has been generalized
(2001) to distributed parameter systems.

X =(T(x) ¢ R(x)) 20 + Byug

X = (J(x) o R(x)) 258 + B(x)u ya = By 240
y = B(X)TBS(XX) fa _ aH(x)l
x(1) : x(t,z) : €s
— <yu aH b
t o < / ydTuddz + fge@
a

> Central role of the energy.
> Additional information coming from the geometric structure.

L > Multi-physic framework.

femto-st
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Finite dimensional example ...

Let consider the mass spring damper system:

f
& 4 ] F
Ll sstem — s

k

v

From the second Newton’s law:
Mg=—-kq—fg+F

which is usually treated using the canonical state space representation:

(5)=C% 2)E)(0)r

-St Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026



Finite dimensional example ...

Let consider the mass spring damper system:

& 4 ] F
2 system —>

v

From the second Newton’s law:
Mg=—-kq—fg+F

An alternative representation consists in choosing the energy variables (extensives
variables) as state variables i.e (g,p = MQ)

(5)-(5 )0 ()

J—R OxH B

with H(x, p) = % (qu + 1Wp2)
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Finite dimensional example ...

Let consider the mass spring damper system:

f
u ¥
L Gl e “' -
k

v

From the second Newton’s law:

Mg = —kq—fg+F

Defining y s.t.:

q . 0 1 dqH(q, p) 0

( p ) = ( 1 —f ) 6pH§q,p§ +l1)F
dqH(a,p
= 0 1 q

Y ( ) OpH(q, p)

dH oHTdx oHT OH OHT

— = = = —R)=— + = Bu<

G ox d - ox Y P gty Busyu
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Infinite dimensional case

In what follows we focus on boundary controlled systems. In the general case, port

Hamiltonian systems have been extended to distributed parameter systems by the use
of differential geometry:

> Energy variables ap and aq are p and q differential forms defined on an
n-dimensional manifold Z (with boundary 9.2).

> H:=[,HeR
> Port Hamiltonian system is defined by:

) 5H
< _ aatp ) _( 0 (71)rd ) < 5p >
92g | — \ d 0 o
T ot 5q
( 5 ): ( 1 0 ) Salo
e ~(=1a 0 )\ 2,
The main advantage of such formulation is that it is not depending on coordinates,

applicable for nD systems.

In order to apply some functional analysis tools we focus on the 1D linear case.
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Example 1 : the vibrating string

Let consider a string of length [a, b]:

u(t,z)

The classical modelling is based on the wave equation : Newton’s law + Hooke’s law
(restoring force proportional to the deformation)

QPu(z,ty 1 0 u(z, 1)
“or —@&(T(z) )

The structure of the model is not apparent. How to choose the boundary conditions ???
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Example 1 : the vibrating string

Let consider a string of length [a, b]:

u(t,)

The classical modelling is based on the wave equation : Newton’s law + Hooke’s law
(restoring force proportional to the deformation)

Qu(z,ty 1 0 (T(Z)au(z,t))

ot w(z) 0z 0z
The structure of the model is not apparent. How to choose the boundary conditions ???

Usually: x [ u } — { i } ? 1 [ u } first order
x =1 o= 1 8 . :

u u ek <T(Z)E) 0 u
differential equation in time
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Vibrating string

Let choose as state variables the energy variables:

ou(z,t)
oz

> the elastic momentum p = u(z)v(z, t)

> the straine =

The total energy is given by : H(e, p) = U(e) + K(p)
> U(e) is the elastic potential energy:

U(s):/ab%T(z) (%)2:/‘;%75(4 2

where T(z) denotes the elastic modulus.
> K(v) is the kinetic energy:
K(p) /b1 (2)v (2,17 /b1 L_g2(z,1)
= S ) = N oN El
a 2 a 2u(2)

where p(z) denotes the string mass.
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Example 1 : the vibrating string

From the conservation laws:

o € o N.
- i £ =0
at(ﬁ)*@z(/\/p)
The vector of fluxes 8 may be expressed in term of the generating forces :
(NE)_ (0 71) % :(o 71)(0(2,0)
Np -1 0 % -1 0 v(z,t)
———— ——
canonical generating

interdomain coupling forces

where v(z, t) is the velocity and o(z, t) = T(z2)e(z, t) the stress. Consequently

2(a)2( o) ()
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Example 1 : the vibrating string

From the conservation laws:
0 € 0 ([ Ne )
- — =0
ot ( P ) + 0z ( Np

The vector of fluxes 8 may be expressed in term of the generating forces :

(%)= (&0 () -(%)eEs)
canonical generating

interdomain coupling forces
where v(z, t) is the velocity and o(z, t) = T(z)e(z, t) the stress.

PDEs:

2 SH Qu(z,t) 1 d2u(z,t) .
82)(?.‘5)@ 2 2 o if c = cte

N———
Il
VRS
Yo o

o
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Example 1: the vibrating string
Underlying structure:

2(a)- (2 %) (9 2)0)

N e’ N e
f J = matrix e = driving
differential operator force

Hamiltonian operator 7 is skew-symmetric only for function with compact domain
strictly in Z :

b e{ ; , e / /1b
/ (e e )T e t(e & )T o )=Ilae+eed],
a
Power balance equation :
d _ b (o1 57 9p
EH(E’p) = fa (677 + op 81) az b
b (5H 8 §H SH SH
fa (W%ﬁ + WE%) dz = [WTp}a

If driving forces are zero at the boundary, the total energy is conserved, else there is a
flow of power at the boundary. Define two port boundary variables as follows :

L (2‘2)‘@5)‘?
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Example 1: the vibrating string

The linear space D > (fy, f, €1, €2, 5, €5)
)
(k) %)(2)
f2 oz 0 (7]
fa e
> =
(&)-(8)m
defines a Dirac structure:D = D with respect to the pairing :
b b
/ ey f1dZ+/ esfhdz — fgea
a a
Port Hamiltonian system

<6x §H

7,7,”,6 D
ot sx? 6)6
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Example 1: the vibrating string

The linear space D > (fi, , €1, €2, 5, €5)
)
» ((H )2 g 9z &
f = 0 €
fo &4
> =
( eo ) ( e )‘a’b

defines a Dirac structure:D = D with respect to the pairing :

b b
/ €4 f1d2+/ ecfhdz — fgea
a a

Port Hamiltonian system

ox oH
—, —, f D
<8t’ ox’ ayea) €
Energy balance
dH(t)
o = faeo

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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The lossless transmission line

q(zt), ®(zt)

i(t,z)
—l
v(tz)

Consider an ideal lossless transmission line with spatial domain Z = [a, b] C R. There
are two conserved variables:

> the charge on the interval Z: Q p)(t) = fab q(t, z)dz where q(t, z) denotes the
charge density,

> the flux on the interval Z : &, ) () = fab ¢(t, z)dz where ¢(t, z) denotes the flux
density.

Then qg(t, z) and ¢(t, z) are the two extensive variables that will be used for the
modeling.

EEEESCIENC Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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The lossless transmission line

Let consider an infinitesimal piece of the transmission line:

a(z), @(zY)

i(tz)

v(tz)

> conservation of charge:

d 0 .
Eq(tv Z) - _EI(LZ)

where i(t, z) denotes the current at z
> conservation of flux:

d 1o}
EQS(I': Z) = _av(tr Z)

where v(t, z) denotes the voltage at z

M

()

TI] g Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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The lossless transmission line

The electromagnetic properties gives the two closure equations for the functions i(t, z)

and v(t, z):

> the current is given by:

i(t, z) = ¢L(E’z§)

where L(z) denotes the distributed inductance of the line
> the voltage is given by:

q(t, 2)
C(2)

where C(z) denotes the distributed capacitance of the line
and the total electromagnetic energy of the system can be written:

v(t,z) =

H= /H(q, $)dz — 2/( tz) ‘bZL((tz’)z))dz

@)

4)

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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The lossless transmission line

The preceding closure equations may be written in matrix form:

ittz)\ (o 1 [2He2 ©)
v(t,z)) — \1 0) |\ 3H@.¢)
¢
where H(q, ¢) = f: H(q, $)dz and H(q, ¢) denotes the electromagnetic energy
density:

9’(t,2) ¢>2(RZ))

1
”(q"b):’( c@ L@

2

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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The lossless transmission line

Combining the conservation laws and the closure equations one obtains the
Hamiltonian system:

0H(9,9)
2 q(tv Z) =J 6H5q (8)

ot \¢(t, 2) 0H(G.9)

3¢
where J is a formally skew symmetric differential operator defined as:
0 _9
7=("% &) ©
T oz

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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Take two effort densities e(t, z) and €'(t, z) and compute their bracket with respect to
J:

b e
/ (eq,€4) T (e,q> dz
a ¢

— /b e 2 e’ + e 29’ az
2 \Taz ¢ T 9z
b o} o 1
/ / _ / /
/a (eq 22 ey +e, 52 eq) az [eq €y + €, eq}o
b b

_ / / eq _ / /

/a (eq, e¢) J <e¢ ) az [eq es + € eq]a

We can see that it is skew symmetric for densities that vanish at the boundary!
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The lossless transmission line

The resulting port-Hamiltonian system is given by the telegraph equations

(

together with the boundary variables

3 = v(t,0), B = v(t1)
ed(t) = i(t,0), e5(t) = —i(t,1)

&3
N———
I
N\
|
Sl ©
|

gl
N———
N
- <
N———

Q)

t

The resulting energy-balance is

B~ Tep = —i(t, )v(t,1) +i(, O)V(1,0),

to-St Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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Considered class of systems
We first consider lossless systems defined on 1-D spatial domain [a, b] by the PDE:

& (t.2) = TEE@X(E2), X(0,2) = %0(2),
where J is a formally skew symmetric differential operator and £(z) a coercive
operator.

For example

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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Bond space
The system is defined by :
f=Je
and we first consider homogeneous boundary conditions.
e Let the space of flow variables, F, and the space of effort variables,&, be real Hilbert
spaces.

o Define the space of bond variables as B = F x £ endowed by the natural inner
product

<b‘,b2> - <f‘,f2>f + <e1,ez>g, b' = (f1,e1) b2 = (f2,e2) €B.

In order to define a Dirac structure, let us moreover endow the bond space B with a
canonical symmetric pairing, i.e., a bilinear form defined as follows:

<b1,b2>+ - <f‘,rg,fe2>f + <e‘,r;,gf2>£, b' = (f‘,e‘) b= (fz,ez) €B.  (10)

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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Dirac structure

Denote by D+ the orthogonal subspace to D with respect to the symmetric pairing:

DL:{beB\<b,b’>+=0fora||b’eD}. 1)

Definition [Courant, 1990] :
A Dirac structure D on the bond space B = F x £ is a subspace of B which is
maximally isotropic with respect to the canonical symmetric pairing, i.e.,

D+ =D. (12)

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026 37



Dirac structure

Denote by D+ the orthogonal subspace to D with respect to the symmetric pairing:

DL:{bezs\<b,b’>+=0fora||b’eD}. 1)

Definition [Courant, 1990] :
A Dirac structure D on the bond space B = F x £ is a subspace of B which is
maximally isotropic with respect to the canonical symmetric pairing, i.e.,

D+ =D. (12)

( ; ) € D <= Power conservation

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026 37



Port Hamiltonian Systems

PHS ~~ Definition based on Dirac structure and Hamiltonian function (total energy of
the system).

Definition :

Let B = £ x F be the bound space defined above and consider the Dirac structure D
and the Hamilonian function #(x) with x the energy variables. Define the flow

variables, f € F as the time variation of the energy variables and the effort variables
e € & as the variational derivative of #(x). The system

ox M
fe)= (2, %) e
(7.e) (8t’5x>€

is a Port Hamiltonian system with total energy #(x)
Let us now see how to include non homogeneous boundary conditions:

b 52/ T b T b
at 2 Ox dt a OX ox 0x /14
<f7 e> = faTe@

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026



Extension to non homogeneous BC

~ We define the symmetric pairing (not depending on 7) and the port variables
associated with 7. ([Le Gorrec et al., 2005])

Let F = € = L3((a, b); R") x R™ and define B = F x & with the following canonical
symmetric pairing :

('), ", 8}) (2, 12,6%,€3))
= (&', )2 + (%, 1) 2 — (e}, f2) — (€3, 1)),

Definition :

Let B = £ x F be the bound space defined above and consider the Dirac structure D
and the Hamilonian function #(x) with x the energy variables. Define the flow
variables, f € F as the time variation of the energy variables and its extension to the
boundary and the effort variables e € £ as the variational derivative of #(x) and its
extension to the boundary. The system

(1) e.eo) = ((55:5) . (Sre0) ) < 2

is a Port Hamiltonian system with total energy #(x)

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026



Parametrization of 1D differential operators
Parametrization ([Le Gorrec et al., 2005, Villegas, 2007]):

Je_ZP —(z

where e € HN((a, b); R") and P(i), i =0, ...

singular and P; = P/ (—1)*+1. Let define

z € la b],

, N, is a n x nreal matrix with Py non

P; P, -+ Py
—P, —-P; -+ 0
Q= .
(=)N-1py 0 N
Back to the Vibrating string
g(e>_ (01>Q T(2) ? (6)
at\ p 1.0 )oz 0 3 p Q=P
——— N—_——— ’
f P1 e

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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Port Variables

Definition :
The port variables (e, f5) € R™ associated with 7 are defined by :
e(b)
N—1
0 ) _p | =IO | g U (00)
ey ext e(a) ) ext \/E I
N—1-
—=(a)

where U is a unitary matrix such that:

T _ . (0
UZU_anhZ_(I 0

tO'St Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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Port Variables

Back to the Vibrating string

- (08) & (1)
ot\ p 1o % @l ) .a=p
\Wf_/ \—P,_/

1 e

The boundary port variables are defined by:

(b) (a)
(5 P (am)- T(b)e(b) - T(a)c(a)
A i e(a) V2 | T(a)e(a) + T(b)e(b)
FORSTO)

Modeling of Distributed Parameter Systems: The Port Hamiltonian Approach | Yann Le Gorrec | April 21, 2026
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Dirac structure

Theorem :
The subspace D s of B defined as
f e(b)
D, = fa | N LN _ fa _ .
7= o ec H ((a,b);R"), Je="f, eo = Roxt :
€o aN—Te(a)
is a Dirac structure, that means that D = D-L.
Other possible choice
pb) _ p(a)
0 0 -1 u(6) ~ u(a
fs 1 1 0 0 1 BN T(b)e(b) — T(a)e(a)
es vl 0 -1 1 0 NG T(a)e(a) + T(b)e(b)
0o 1 1 0 p@  pb)
wu(@ ' op(b)
U
a
plb)
= n(b)
T(a)e(a)
T(b)e(b)
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Extension to systems with dissipation

Let us extend the previous results to systems defined by:

% (t.2) = (7 — GrSTRLN(1,2), X(0.2) = %0(2),
§

(r)=2(s)-(5 %)(a)

with e, = Sf, where S is a coercive operator
( ff ) €F, ( ee ) cfand & = F = L>((a,b),R") x La((a, b),R")
P P

Covers models of: beams, wave, plates, (with or without damping) and also systems of
diffusion/convection, chemical reactors ...
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A simple example: the heat equation

1D Heat conduction is usually known on the following form:

aT(z,t) 92

S =D (T(2,1)

but is in fact derived from balance equation on the energy i.e:

at T oz 0z

with ¢y constant and positive. This equation can be written:

Jé) 9
( 5 1(2.1) ): ( g 9z ) ( T(z,1) ) with ep:ifp
fp 9z 0 ep CV

a(aT(zt) _ 8 (—/\M)

In this case:
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Parametrization of the extended operator

Je is formally skew symmetric and can be parametrized by:

_ o _ _
e ZQ’PK%E with By = (—1)<+1PB]

In this case Py can be not full rank and the bilinear product is defined on quotient
space. The extended boundary port variables are defined by:

(4)-%(5 ") w)(&)

M spanning the column of @, @; = M7 QM and Mg = (M™M)~"MT with

Py Py - Py

_ ~P —P; -0
Q= :

(-ON"Py 0 - 0
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Back to the vibrating string

We consider now the vibrating string with structural damping (dissipation of the form
ks% (ﬁ) is given by a system of 2 conservation laws:

£ 9 5H,
o € —i M _ 0 Bz 2
ar(p)_az<re+ks§’z(5))_<gz (;k§)><a§%>

The extended Hamiltonian operator is:

o 2 0 0 1 0
0.
R 0 412 0 o 1 0 )92
oz
and
S=ks>0
femto-st
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Boundary port variables
A matrix M spanning the columns of Py can be chosen as:

B 01 0 0
Pp=|1 0 1|, M= 2
01 0 0

= 0 1 . 1 0 1 ~ Te+er
then Q1—< ),andMQ—(o 1 O)ande—< up )

N =
—_—O =

1 0
It thus follows that the port-variables become:
) ) £(b)- 2 (a)
( fa ):L(Q —Q )(é(b)): (Te+ep)(b) —(Te+er)(a)
& é(a) (Te+er)(a)+(Te+er)(b)
£(a)+ 2 (b)
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Conclusion

In this first part we have:

> shown that PDEs are obtained from balances equation on extensives variables
and can be related to power exchanges within the system through geometric
considerations,
> in the 1D case defined:
> the boundary port variables associated to the differential operator ;7
> Dirac structures on real Hilbert spaces
> parametrized all the boundary port variables for a large class of differential
operators.

We did not pay any attention on existence of solutions.

In the next part we focus on solutions and stability properties.
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Thank you for your attention !
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