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Introduction

In this first part we have seen models of physical systems, like that
of the vibrating string
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In this part we investigate existence of solutions for (linear,
time-invariant) partial differential equations.
We begin by identifying the state and state space.



Introduction: state and state space

Idea behind the state: The state is that which you have to know
now to predict/know the future behaviour.

Example
The state for the mass-spring-damper system

Mi(t) + Dy(t) + Ky(t) =0

is the position: y(t) and momentum My(t) (or velocity y(t)).
So if we have one mass, then the state space equals X =R?. [

What is the state for the vibrating string

9w 1 0

ow
o 0= e [N

OG-



Introduction: state and state space for p.d.e.

As state for the vibrating string we can take
w(¢,t) and 2 (C ), ¢€(0,1)

ow

G amd OGN Ce o).

Important: The state becomes/is a function of the spatial variable.

Hence the state space is a space consisting out of functions. For
instance, X = L?((a,b); R?).

b
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More on L?((a,b); R")

L?((a,b); R™) is a Hilbert space. That is

» There exists an inner product (-, -) given by

b
(f.9) = / 9(Q) T F(Q)dC.

An inner product is a mapping from X x X to R satisfying
> (af 4+ Bh,g) = alf,9) + Blh,g), o, B ER;

> (f,9) =9,/
> For f #0, (f,f) > 0.
» The norm || - || on an inner product space is given as
IF1I* = (£, £)-

» If | fn, — fml| = 0 as n,m — oo, then there exists an f € X
such that ||f — fn]| = 0 as n — oco.



States




Abstract state formulation

So we have now the idea that the state is (at every time) a
function of the spatial variable, but how to write a p.d.e. in a state
space form with such a state.

We consider an example first.



Example (Transport equation)
On the spatial domain [0, 1] consider the p.d.e.

ow ow
E(C?ﬂ = Caig(gt)v CG [071]7 tZO:
w(l,t) = 0,

w(C,0) = wo(¢)  (given)

with ¢ > 0; [c] =m/s.
As state z(t) we choose w at the time ¢.
> So x(t) = w(-t), or (z(t)) (€) = w((, ).
> As state space we choose X := L?(0,1).
» If we now introduce & (t) = %—Llf(,t) and Az(t) = c%—‘g(',t),
then the p.d.e. becomes

z(t) = Ax(t).



State differential equation

So the p.d.e.
ow ow
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w(l,t) = 0,

w(¢,0) = wo(() (given).

can with 2(t) = w(-,t), &(t) = 92(-,t), and Ax(t) := C%CU :

written as the abstract differential equation:
z(t) = Ax(t).

Where is the boundary condition?
Another problem: The derivative does not exist for all
x(t) € L?(0,1).




More on A

We see that A is a mapping working for a fixed ¢, i.e., so for
f € X =L?0,1) we can define Af as

df
A —
(A1) (€)= ().
We want that A maps into X, and so we only take the derivative
of f € X when the answer lies in X again. So

D(A )—{feleeX f(1) = 0}.
Since the boundary condition is an essential part of the p.d.e. and

since it is a condition in the spatial direction, it is added to the
domain of A.



Summary on A

So the p.d.e.
ow ow
E(Qt) = Caig(gﬂt)a CG [071]7 tZO:
w(l,t) = 0

w(¢,0) = wo(¢)
is written as the abstract differential equation:
z(t) = Ax(t), x(0) = xo = wo
with z(t) = w(-,t) € X = L?(0,1), and

_
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D(A)_{feX];l‘éeX,f(l)_O}.
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(¢) with domain:



Solutions of p.d.e.’s

Consider a p.d.e. such as

%;U(Cat)_caaz}(Cat)? QS [071}, t>0,

with boundary condition w(1,t) = 0. We say that w((,t) is a
classical solution if it is differentiable with respect to the time and
spatial variable, satisfies the p.d.e., and satisfies the boundary
condition.

However, to study general existence of (linear) p.d.e.’s this concept
is not sufficient.




Solutions of p.d.e.’s

Consider the p.d.e.

0

SHCH =c52 (), Cel), t20, w(lh)=0.

ot C
We take a smooth test function ¢(¢) and integrate over the spatial
domain.
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If we take test functions with ¢(0) = 0, we find



Solutions of p.d.e.’s

& [ ouicnac= [ a9 nac =~ [ ebcuic.nac

Integrate this expression with respect to time

/ B(Cw(C,tr)dC— / H(C)w(C,0)d¢ = — /Otf /0 (Ol )c.

You see there are no derivatives of w taken anymore.
Now we call w((,t) a weak or mild solution of the p.d.e. if the
above equation is satisfied for all smooth test functions ¢

satisfying ¢(0) =




Weak and classical solutions of p.d.e.’s

It is easy to see that a classical solution is always a weak solution,
but the converse need not to hold.

We will now study when a p.d.e. has a weak solution.

Note there is a difference between knowing the existence of a
solution and having the form /expression of the solution. The
expression for the solution can be hard/impossible to find. So we
concentrate on existence.

We concentrate on solutions satisfying the additional property that

lz(®)]| < |lzo|| Vt>0 (contraction)



Existence of solution, contractions

Theorem (Lumer-Phillips)

Let A be a densely defined operator, then i(t) = Axz(t),z(0) = zo
has for every xog € X a unique weak solution satisfying
|z ()] < ||zol| for all t > 0 if and only if

1. <A:L’0,l’0> + <ZEO, AZEO> <0 for all xy € D(A)

2. The range of A — I is the whole of X.



Existence of solution, contractions

Example
Consider on the state space X = L?(0, 1) the operator A which is
given as
d
Af:cdjé, ¢efo,1], ¢>0,

with the domain
D(A) = {fe€L*0,1)] f is absolutely continuous,

df B
@ € L*(0,1) and f(1) = o} .

Let us check the properties:



Example: Contractive weak solution

» A is densely defined in L?(0,1).

>
(Axg, xo) + (x0, Az)
L dxg 1 dxg
= [ RO+ [ a0 TR0
1 d )
= | 4 lewo(e?] ¢
= cxo(¢ ‘0
=0 — cxo(0)> <0, since ¢ > 0.
» To see if the range of (A —1) is everythlng we have for every
f € L*0,1) to solve (A — I)z =



Example: Contractive weak solution

Solving (A — I)z = f means solving

dz

CIC(C)—Z(C)Zf(C), ¢e(0,1)

with boundary condition z(1) = 0. The solution of this differential
equation with the given boundary value is

1
z(¢) = —oz/c 6a(c_7)f(7')d7', a=ct



Example

Conclusion: The abstract differential equation

x(t) = Az(t), x(0)=xo
with
df

Af_CdC

¢e€l[0,1], e>0,
and domain

D(A) = {feL2(01)yeL2(01)andf() }

possesses for every o € X = L%(0,1) a unique weak solution in X
which is not growing in norm. O



Port-Hamiltonian Systems

Homogeneous equation



The wave equation

0w 1 0
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We want to write this p.d.e. as a state differential equation,
z(t) = Ax(t). Therefor we need

» The state z
» The state space X.
» The “system” operator A with its domain D(A).

To answer the first two questions, we look at the energy associated
to vibrating string.



The wave equation, energy

The energy is given by

=3 [ o0 (2icn) +10 (ien)

with p is the mass density, and 7" is Young's modulus.
This looks like an L2((0,1); R?)-norm (squared) in the variables

and 6w
8t
Th|s |nd|cates a choice for the state variables. We choose
ou (the momentum), w (the strain).
= momentum), Ty 1= rain
o 277 9¢



The wave equation, state

0 0
With the choice 1 := pa—qf (the momentum), zo := 8—? (the

strain), the energy

i =3 [ o0 (%) +10 (%ien)

becomes



The wave equation, state and state space

Based on the (quadratic) expression of the energy

o3 L] B el 6«
we choose as state space

X = L*((0,1);R?)

with inner product
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The wave equation, state and state space

With the inner product

1
i =5 [ FQ MO0

we see that || f|% is precisely the energy.
So our state X is also called the energy space, i.e, the space
consisting of all states/shapes/---- - - with finite energy.

Next we rewrite the p.d.e. model of the vibrating string in our
state variables.



The wave equation, state differential equation

O*w 1 9
L 4

p(¢) 9¢ 3 t)]
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With the state variables x1 = p at and xo = %2’5 we can write the

above p.d.e. as

gt[ }(m _ 'p(gl"’?ﬁ(m)] _




The wave equation, state differential equation

With the state variables x1 = p at and z9 = ag we can write the
above p.d.e. as

We generalise this to our class of first order port-Hamiltonian
equations.



Port-Hamiltonian partial differential equations

Our model class are p.d.e.’s of the form

ox 0
- ,t - P - P H ,t
Ot(< ) ( ]()Q+ 0>[ z(¢,1)]
with
> (¢, t) R, ( €a,b], t >0
P> P is an invertible, symmetric real n X n-matrix,
> [y is a skew-symmetric real n X n-matrix,

» H(() is a symmetric, invertible n x n-matrix with
mlI < H(¢) < MI for some m, M > 0.

The energy/Hamiltonian is defined as

I T
H(t) = Hla(0) = 5 [ 260 H(Oa(C 0



Power balance

For the Port-Hamiltonian p.d.e. with energy/Hamiltonian

1

b
Ha(0) = 5 [ 2¢O HOa(C 00

it is not hard to show that along solutions; homework

dH 1

“ran) = 5 [(Ha)" (P (Ha) ()

. b
H(t) =

Thus the change of internal energy goes via the boundary of the
spatial domain, i.e. power balance.



Port-Hamiltonian partial differential equations

Given our port-Hamiltonian partial differential equation

Xt = (Pt B) QG 1)

with the properties on Py, P; and H.

We need to add boundary conditions to this p.d.e. That are
conditions in x((, t) for ¢ equal to a or b.

We write these boundary conditions as

W {H(b)x(b,t)] _o.

with Wg a matrix.

Question:  Which boundary conditions lead to unique (weak)
solutions?

We answer this question only for the (important) contractive case.




Port-Hamiltonian p.d.e., state space

Given our port-Hamiltonian partial differential equation with
boundary conditions

2t = (P R) OG0

0 = wy [

with the properties on Py, P; and H.
> As state we choose z(t) = z(-, ).

P As state space we choose the energy space, i.e.,
X = L%((0,1); R™) with inner product

b
(Fa)x =5 [ HQTHg(O)c



Port-Hamiltonian p.d.e., state space formulation

With the state z(t) = z(-,t) and X = L?((0,1); R") our
port-Hamiltonian p.d.e. with boundary conditions;

Tien = (P R) O

0 = wy [H00)]

becomes
i(t) = Az(t),

where

Az = ( jC+PO> (Ha]

with domain

D(A) = {x €X| dC(Hx) € X,Wg [;{ésgim = o} :



Port-Hamiltonian p.d.e., state space formulation

To check whether the abstract differential equation #(t) = Ax(t)
has unique weak solution, we recall
Theorem (Lumer-Phillips)

Let A be a densely defined operator, then &(t) = Ax(t), x(0) = g
has for every oy € X a unique weak solution satisfying
lz(®)]| < ||zoll, t > 0 if and only if

1. <ACL‘0,$0> + <:E0, AIEO> <0 for all xy € D(A)

2. The range of A — I is the whole of X.

For our class of port-Hamiltonian p.d.e.'s we now have



Port-Hamiltonian p.d.e., existence of solutions

Theorem (Le Gorrec, Maschke & Z. '05, Jacob & Z. '11)
Assume the (standard) conditions on Py, Py and H. Assume
further that Wy is a n X 2n matrix of full rank.

Then &(t) = Ax(t),z(0) = xo has for every xg € X a unique weak
solution satisfying ||z(t)|| < ||zol|, ¢ > 0, if and only if

(Azg, zo) + (z0, Axo) < 0 for all zog € D(A).

The latter is equivalent to H(0) < 0 for all zo € D(A).
Moreover, i@(t) = Ax(t),z(0) = x¢ has for every o € X a unique
weak solution satisfying ||x(t)|| = ||xol|, t € R, if and only if

<A$0,$0>X + <3L‘0,A3L‘0> =0 for all x¢ € D(A)

or (equivalently) H(0) = 0 for all o € D(A).

Hence only the simple condition of L-P theorem needs to be
checked.



Example: the wave equation

0w )

2 (0 = p(C)@C[ <<>a<<<, >]
ow ow

S0 = TMF =0

We begin by writing the boundary conditions with the space

= TR ]
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Example: the wave equation

Now we check the conditions.

0
’Pl:L 0

> Py =0, so skew-symmetric.
> 1f0<m < T(),p(¢)"t < M for all ¢, then

H(C) = [P(Co)_l T?C)] satisfy mIy < H(() < M.

» Wpg has rank 2.

> H(0)=0.
Thus our pH system & (t) = Az(t),xz(0) = xo has for every zp € X
a unique weak solution for ¢ € R with constant energy.

} is an invertible 2 x 2 matrix (n = 2).



Solution operators

Beyond e“*.



Finite-dimensional

If we have a (finite-dimensional) abstract differential equation,
such as
z(t) = Ax(t), z(0) =x0 € R"

with A a given n X n matrix, then we know that the solution is
given as
z(t) = eAlay.

For example, if

1 2
a=[o 3]
then
" ol €3t _ gt
“ T lo e3t '

Question: Do we have something like this for our abstract
differential equation on a Hilbert space X7



Properties of e4!

We know that e”* has the following properties:
> ¢4t is linear. That is because auxg + g — ax(t) + BE(t).
> 40 = I (the identity). Because xq = 2(0) = e4%z.
> eAllitt2) — eAtigAls  hecause of the time invariance of
z(t) = Ax(t), any time may be chosen as initial time.
Two observations for the abstract differential equation
z(t) = Az(t), z(0) = zp € X;;
» We have (under some conditions) a solution x(t),¢ > 0,
satisfying z(0) = xo.
» The abstract differential equation is linear and time-invariant.

We introduce the solution map, that is the map from initial
condition to state at time {.



Semigroup

We denote the state space by X. Thus our solution map
Xozg—=a(t)=T(t)xg € X

What can we say about this mapping when the underlying
differential equation is linear and time-invariant?
Properties
» T'(t) is linear. That is axg + BZo — ax(t) + BZ(t).
» T(0) = I (the identity).
» T(t1 +to) = T(t1)T(t2), because of the time invariance, any
time may be chosen as initial time.

It turned out that an additional property is needed.



Strongly continuous semigroups

Additionally, we want to that our (weak) solution z(t) is a
continuous function of ¢ € [0, 00). We demand it only at ¢ = 0 (by
the third property).

Hence for all zp € X, we want that the solution x(t) = T'(t)zo
satisfies

lim z(t) = lim T(t)xo = 0.
tliﬁlx() i (t)zo = o



Strongly continuous semigroups

Definition (not 100% precise)

A strongly continuous semigroup (Cp-semigroup) is the mapping
(T'(t))4>0 from X to X which satisfies

> T0)=1

» It is linear

> T(t)T'(s)=T(t+s), t,se0,00)
» For all xp € X there holds

lim T (t)xo = zo.
i (t)zo = w0



Contraction semigroup

In the previous we have shown existence of weak solutions with the
additional property that

lz(t)|| < ||zo|| for all zg € X and ¢t > 0.
Using the semigroup 7'(t) this means that
T (t)xo|| < ||zo|| for all zyp € X and t > 0.

These Cy semigroups have a special name.



Contraction semigroup
Definition
The Co-semigroup (1'(t)),~ is contraction semigroup if

1T (t)xol| < ||zoll for all t > 0 and for all zp € X.

1T (#)xoll

ol




Contraction semigroup

We have that z(t) = ( )xzo is the weak solution of
(t) = Ax(t), z(0) =
Assume that z(t) = ( )xo is the classical solution of
@(t) = Az(t),z(0) = zo and that (T'(t)),> is a contraction

semigroup on the (Hilbert) space X.
We known that

IT(t)aol* = (T (t)wo, T(¢)0)-
For the classical solution have that the derivative of T'(t)xo equals

AT(t)l‘o
So if we differentiate || T'(t)xo|?, we find

ST (E)zol” = (AT (1), T(t)a0) + (T(t)ao, AT (1)zo).



Contraction semigroup

So we know:
%HT(t)xOHZ = (AT (t)xo, T(t)xo) + (T (t)x0, AT (t)x0).

Now we choose ¢ = 0. We know that 7'(0)z¢ = xg. Thus at time
equal to zero, we find

i xo||? = (Axg,x o, Azg).
g (1T (@)oll )t:O (Azo, z0) + (20, AZ0)

So if T'(t) is a contraction semigroup, then

d
(Azo, x0) + (20, Azo) = %HT(t)onQ |t=0< 0.

This has to hold for all o € X for which we have a classical
solution.



Going for the 100 %

In order to make the previous (mathematical) part 100 % precise,
we need the concept of linear bounded operators.



Bounded operators

We assume that X, our state space, is a Hilbert space with inner
product (-,-) and norm || - || = v/ (-, ).

We introduce some notation. £(X) denotes the set of linear and
bounded operators from X to X.Thus if Q € £(X), then

> Q(axg + BTo) = aQ(zo) + FQ(Zo), for all xg, o € X and
a, B €R, and

P there exists a ¢ > 0 such that for all zg € X,

1Q (o)l < gljzoll-

The norm of ) € L(X) is given as

Q= sup 19l

zo€X,x07#0 on H '




Bounded operators, example

Example
Take X = L2(0,00) and (Qf)(C) = £(2 + 1) + 3(C).

> Linearity

(Q(af+B9))(C) = (af + Bg)(2¢ + 1) + 3(af + Bg)(
= af(20+ 1)+ B9(2¢ + 1) + 3af(C) +389(¢
= al[f(2C+1) +3f(O] + Blg(2¢ + 1) + 39()]
= a(Q(N))(C) + B(Q(9)(C)

9
)

» Boundedness

1Qf] = \/ /0 T(F@C 1) +37(0)2dc



Bounded operators, example

We have

1QfI = \/ /0 T (F@C 1) +37(0)2dc
< \/ /0 e+ 1)2dC + \/ /0 T BR(0)2dc
3 [ s

< |s+ v 111

So @ € L(X). With some more work we can show that

QI =3+ V2



Cp-semigroups

Definition
A strongly continuous semigroup (Cp-semigroup) is an operator
valued function, (T'(t));>¢, from [0,00) to £(X) which satisfies

> T0)=1
> T()T(s)=T(t+s), t,se[0,00)
» For all x¢g € X there holds

lim T(t)zo = 0.
i (t)zo = o



Contraction semigroup
Definition
The Co-semigroup (1'(t)),~ is contraction semigroup if

1T (t)xol| < ||zoll for all t > 0 and for all zp € X.

1T (#)xoll

ol




Summary: A and T'(t)

Now we have of a p.d.e. two concepts

» (T'(t));>0: solution map, i.e., z(t) = T'(t)zo is the solution,

and

» A; used to rewrite the p.d.e. into @(t) = Az(t).
Question: Can we find the one given the other?
Answer: From A to T'(t) very hard/ impossible. That is why we
focus on existence.
To answer the other implication we look at the finite-dimensional
case once more.



Finding A

Let A be given as

then

Problem: Suppose now that you know only e*. How would you
find A back?

Answer Evaluate the derivative of the semigroup at ¢t = 0.
Since LeA = Ae?t, we have

d a
— —o= A.
3¢ =0



A and T'(t)

Theorem
Assume that (T'(t)), is the solution map of our p.d.e., then for
those xo € X for which the following limit exists

T(t —
lim ( )iUO 1707
tl0 t
we have that T
t —
Azo = lim L0~ 20
tl0 t

Furthermore, D(A) consists of precisely those xy € X for which
the limit exists.
A is named the infinitesimal generator of the Cy-semigroup

(T(1))y>0- .



A and T'(t)

Lemma
If vo € D(A), then fort > 0, T(t)xq is differentiable, and

d

pn (T(t)xo) = AT (t)xo.

So x(t) := T'(t)xo is the solution (classical) of
x(t) = Ax(t), z(0) = x9

For xo € X, T(t)xq is the weak solution.



Contraction semigroup
Definition
The Co-semigroup (1'(t)),~ is contraction semigroup if
1T (t)xol| < ||zoll for all t > 0 and for all zp € X.

n

Since we know that for 9 € D(A) we have a classical solution, we
know that if A generates a contraction semigroup on the Hilbert
space X, then

d
(Axg, o) + (xo, Azo) = £||T(t)950||2 lt=0< 0 Vzo € D(A)

The Lumer-Phillips theorem gives the precise characterisation.



Thanks for your attention!



